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Introduction.

Raphael Levi from Hanover (1685-1779) was considered in his time as an exceptional
mathematician and astronomer and a very skilful calculator. He was known as the author
of two books written in Hebrew and published at about the same time in 1756. The first is
his Luhot ha-Ibbur, in fact two books printed separately, at one year interval. It is a
remarkable book written in an elegant Hebrew, printed in very nice characters. It is
however difficult to understand because of the absence of a third part which was never
printed, which was intended to explaining and justifying the two first parts.

A second book of Hanover was edited without his authorization by Rabbi Moses of
Tiktin who bought the manuscript from one of Hanover’s pupils in a public auction. This
book, even if it has not the formal perfection that Hanover had required before its
printing, has the merit to expound clearly the understanding of Maimonides’ famous
treatise Hilkhot Kiddush ha-Hodesh by Hanover. The book gives mainly a qualitative
description of Maimonides’ methods and concepts and a clear definition of different
astronomical parameters adopted by Maimonides; it allows a reader not familiar with the
ancient astronomy to get acquainted with it. And I, indeed, personally used and studied it
before trying to understand Ptolemy and al-Battani. At the end of this book, astronomical
tables are gathered and it appears that the author adopted his epoch in the year 1730; this
date is probably close to the date of composition of this book.

We present here a third book still in manuscript in the Bodleian Library under the n°
2063 in A. Neubauer’s Catalogue of the Hebrew manuscripts in the Bodleian Library,
Oxford 1886-1908 and Oxford Mich 498 or Ox Mich 301 (old numerotation). The
manuscript includes 45 folios: one folio is the title page then 24 folios, i.e. 48 pages are
devoted to the text of the manuscript. The last 20 folios correspond to 20 figures
illustrating the main text. In the present edition of the manuscript we propose in an
appendix two facsimiles of two pages of the manuscript showing the nature of the
difficulties met in the deciphering of the manuscript: erasures, repetitions, omissions,
marginal additions in order to correct omissions, unreadable letters along the internal
border of the pages because of the impossibility of a complete opening of the booklet and
mistakes in the transcription of numbers expressed in Hebrew characters. These two
facsimiles are followed by the facsimiles of the 20 figures necessary to follow the main
text.

The present book does not revolutionize our knowledge about the understanding of
Maimonides’ Hilkhot Kiddush ha-Hodesh but it allows us to fully understand Hanover’s
methods of calculation of the moon’s visibility according to the conception of the ancient
astronomy (the astronomy of Ptolemy). In this field, Hanover was favored by still being
on the bridge between the ancients and the moderns. His education still gave him full
understanding of the model of ancient astronomy, without an irksome study of ancient
books. His deep mathematical culture, including the new notions of calculus learned
under Leibnitz, gave him the necessary tools to be the first to perform a complete study
of the visibility of the new moon, determination of true conjunctions and tekufot. We
have no precise data about the date of the composition. However the use in his



calculations of an epoch in 1725 would lead us to assume a date of composition around
that period. It could be then the oldest of all his books. The author was convinced that the
mastery of the subject requires the ability to perform the complete practical calculations
of the phenomenon under analysis. The present book was a practical instruction manual
supporting his oral teaching. It is, for this reason, very similar to the spirit of his Luhot
ha-1bbur. Both are practical books explaining the How and not the Why.

Another book, intended to answer this last question, was put as reference many times in
the present manuscript and in the introduction to Luhot ha-lbbur. Unfortunately it could
not be found.

Probably because of the high requirements of the author, our book would never be
published, just as this third part of Luhot ha-Ibbur. In his Lukhot ha-lbbur, the author
presented easy to use improved tables. In the present manuscript he performs all the
complete and detailed calculations “as a professional astronomer would make them”.
This is of course of the highest importance to understand his methods of calculation. We
can now imagine what this book would have been. When we compare Hanover’s
methods of calculation with those of E. Baneth in Maimuni’s Neumondberechnung
(1898, 1899, 1902 and 1903) we are struck by the similitude and even the identity of the
methods. The only difference is the scholarly aspects of Baneth’s work and study of the
ancient texts. This explains the interest of Hanover’s manuscript in the history of the
study of Maimonides’ Hilkhot Kiddush ha-Hodesh.

If our assumption that the present manuscript was written in about 1725 is correct, thus
still during the life of Newton and only 38 years after the edition of the Principia, only
seven years after the death of Flamsteed and 53 years after the publication of De
Inaequalitate Dierum Solarium, then it is very likely to assume that the old astronomy of
Ptolemy was still taught in the European universities and that it was exactly the
astronomical model described in his book. The parameters of this model are very similar
to those of al-Battani (slightly different from that of Ptolemy) but it includes some new
parameters that were unknown by the ancients.* They allow calculating the distance of
the earth from the moon, 1238 and from the sun 273633, giving a ratio of 221, still
different than the modern value. Indeed the parallax of the moon is, on average, 57’ (this
figure was already known by Ptolemy) and according to modern astronomy the parallax
of the sun is 8.794”; this gives a ratio of 388.9.

Hanover mastered the spherical astronomy and all its concepts. He attached much
importance to the concept of the equation of time. Hanover adopted the new theory of
Flamsteed, although it was not much older than that of Newton. The great difference in
Hanover’s attitude with regard to these two theories is the following: the theory of
Newton was a revolutionary theory that had to be completed and perfected until it could
assert itself; it was like a relativity theory appearing in the ancient landscape. By contrast
the concept of the equation of the time was an ancient concept familiar to Ptolemy and al-
Battani that was misunderstood and disputed in the 16™ and 17" centuries. Flamsteed
proposed a new and definitive presentation of the concept and Hanover adopted it
immediately. Apparently Hanover did not know the works of the ancients, Ptolemy and
al-Battani, in the text and he gives the impression that he was probably not aware of their
understanding of the equation of the days. He was however a well-read, cultured and

! The distance between the center of the earth and the center of the deferent is fixed to 9730 and the radius
of the earth is fixed to 20.47.
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curious man who, as we learn from another of his manuscripts, the third one, visited the
library of the Gaon of Prague — R. David Oppenheim — (in Hanover at this period, before
becoming the nucleus of the Bodleian Library) and even the Royal Library in Paris. This
leads to an anachronistic situation: Hanover, on the one hand, developed in this book a
model based on ancient astronomy but on the other hand he adopted the new theory of the
equation of time of Flamsteed. In fact this was probably the general scientific position at
that time: Flamsteed had conceived his equation of time before the new theory of Newton
when he was still using the model of the ancients, despite all its weak points. The theory
of Flamsteed asserted itself in the scientific community far before the Newtonian
astronomy. However this anachronistic attitude of Hanover remains incomprehensible.
Indeed, the almanachs of this period, the first half of the eighteenth century, and notably
the famous “Connoissance des Temps” gave the table of the equation of time according to
the new theory of Flamsteed and the table of the equation of the clocks according to the
ancient conception preceding Flamsteed. Hanover could thus certainly not be unaware of
this fact that the ancients calibrated their mean time differently and it remains a
conundrum why he did not raise this issue and how he could propose that the epoch of
Maimonides was at 6h 20m p.m. modern mean time. This statement is in fact an
absurdity as Maimonides could not even have imagined our modern mean time.

Raphael Levi had the reputation of an extraordinary skilled calculator. We discover in the
present book that he used logarithmic tables of the numbers, sine and tangent, with seven
exact decimals, allowing very precise calculations. We know also that he championed the
use of logarithms in commercial and banking calculations (see his book in German on the
subject: Vorbericht vom Gebrauch der neuerfundenen logarithmische Wechsel-
Tabellen... verfertiget und Hrsg von Raphael Levi, Hannover 1747).

In the field of the trigonometry he used the word vp2 for the sine and va for the tangent.
He did not use the cosine or the cotangent and would use, instead, the sine or the tangent
of the complement. He used mainly the sine—formula and the derived tangent—formula in
the plane triangles; similarly he used mainly the sine—formula in the spherical triangles
and the different formulas of the spherical rectangular triangles. Normally the formulas of
Trigonometry are valid in size and sign. However, Hanover seems not to rely on the
knowledge of his pupils and he feels obliged, to explain lengthily, at each occasion, the
rules of sign of each operation. This is rather embarrassing and disturbing for the modern
reader who prefers a general formula.

In the field of the spherical astronomy, we note that he mastered the subject and knew the
formulas of transformation between the horizontal, equatorial and ecliptic coordinates
based on the fundamental formula of the spherical trigonometry. He did not know the
sidereal time Ts = a + H but he used the correlated oblique setting a + A and the oblique
rising a — A, with H = 90° +A. Again these formulas are valid in size and signs, but
Hanover felt obliged to detail in length and detail. Similarly Hanover did not use the
azimuth Az but he used the quantity w = Az — 90° representing the distance from the
middle western point W or from the middle eastern point E.



Hanover, as a pupil of Leibnitz, mastered calculus and introduced the notion of
differential calculation, more exactly finite differential calculation, into the ancient
astronomical model. Indeed the calculation of two true positions of a body for two
consecutive mean longitudes of I, and I,+1° allows calculating the true displacement of
the celestial body when its mean displacement is 1°. This allows calculating the true
celerity of the celestial body with regard to its mean celerity. Hanover made use of this
feature to improve the calculation, according to the ancient model of astronomy, of the
true conjunctions, the true oppositions, the eclipses and the tekufot with a precision that
was never reached before. Hanover claims clearly the originality of this procedure. It is
certain that in the field of Jewish astronomy, this was a justified claim. It is however
likely that this procedure was used in parallel, and probably before him, by professional
astronomers of the most advanced countries of Europe.

Hanover introduced in the present book an original criterion of visibility of the new
moon. He affirmed that the new lunar crescent is visible if the central angle of the
lightened moon d is 5° corresponding to the illuminated fraction k of the disk of the
moon k = (1 + cos E) / 2 = cos? E/2 = 0.019 with E = 180° - d.

We note however, that he made a judgment mistake and considered that the angle of the
illuminated part of the moon depends on the apparent altitude of the moon when in reality
it depends on the geocentric elongation E between moon and sun (arc of light of the
ancients). We note also that this criterion would be in contradiction with the observations
of Danjon. According to the latter, the new crescent is not visible as long as the angle d is
less than 7° (see Danjon; Astronomie Genérale, Paris 1958 and 1986, p. 348).

Furthermore when we examine the modern criteria of visibility, that of Fotheringham and
the Indian criterion, giving Ah in function of AAz, the difference of altitude between
moon and sun in function of their difference of azimuth, we must ascertain that the
elongation between sun and moon, is not a constant and depends on the relative values of
Ah and AAz. Therefore, it does not seem that the fixed value of angle E can offer a good
criterion of visibility. Of course Hanover could not know all these new elements and his
idea was certainly original.

His language is very clear and precise and it is in this respect much clearer than that of
ancient Jewish astronomers and modern Jewish astronomers of his time. One point is
however disturbing: as the Jewish rabbinical authors of that time, he did not pay attention
to the gender of the words and mixed cheerfully masculine gender and feminine gender
of a word, even in one sentence.

In any case the present book allows restoring to life the calculation methods and the way
of thinking of a great personality of the Jewish Nation at the end of the old regime. He
had succeeded to impose the respect not only of his fellow Jews but also of his non
Jewish contemporaries, as indicated on his epitaph.

Notations.

( ) text in brackets in the original text.



[corrected] (erroneous) according to my opinion.
[ ] text proposed when the original was absent, unreadable or hidden by the
internal margin.

Brussels.
15 Av 5770.

Revision of the first edition.

Dr. Weiss of Bnei Berak, PHD mathematics decided in 2012 to study spherical
astronomy through the text of Hanover’s inoni1 nnan.During his study he asked countless
queries and formulated many objections, addressing the smallest details. These
discussions and exchanges allowed us correcting different misprints and mistakes and
improving the explanatoty notes. Especially his different suggestions of corrections
facilitated my work.

Brussels.
1 Shevat 5773.
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® The axis of the celestial sphere.
* The celestial poles.

® The celestial equator.

® Celestial parallels.

" Earthly equator.

® Earthy poles.

® The celestial poles

19 The geographical latitude.
! The center of the earth.

12 The celestial sphere.

3 The horizon.
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14 Zenith.

5 Nadir.

'° The poles of the horizon.
7 The celestial meridian.

'8 The altitude.

9 The geographical latitude.
2 The declination.
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22 Celestial parallels.

% The vernal equinox or the point v.

% The autumnal equinox or the point Q.

% The ecliptic or literally, the zodiac.

% The ecliptic, litteraly the line od occultation

%7 Celestial longitude.

8 Aries (Ram) from 0° to 30°, Taurus (Bull) from 30° to 60°, Gemini (Twins) from 60° to 90°, Cancer
(Crab) from 90° to 120°, Leo (Lion) from 120° to 150°, Virgo (Virgin from 150° to 180°, Libra (Scales)
from 180° to 210°, Scorpio (Scorpion) from 210° to 240°, Sagittarius (Archer) from 240° to 270°,
Capricornus (Goat) from 270° to 300°, Aquarius (Waterman) from 300° to 330°, Pisces (Fishes) from 330°
to 360°.

# The signs of the Zodiac.
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% The diurnal movement is from east to west, it is a retrograde movement or clockwise. The annual
movement of the sun and the order of succession of the constellation is from west to east, it is in the direct
direction or counterclockwise.

® As long as we neglect the precession of the equinoxes.
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%2 The estival inversion = the summer solstice.

% The winter inversion = the winter solstice.

% The right horizon. This expression characterizes the horizon of any region at the equator.

% The oblique horizon.This expression characterizes the horizon of any region with latitude different than
zero and thus not belonging to the equator.

% It represents the celestial sphere of a point of the surface of the earth at the equator. The equator and the
celestial parallels are perpendicular to the plane of the horizon. The axis of the world and it poles are in the
plane of the horizon and the equator passes throught the zenith and the Nadir. In the representation of the
manuscript, the celestial sphere is seen from the zenith and projected on the horizon. The equator appears
as a perpendicular to the axis North-South and the ecliptic as an oblique because it is assumed in this
drawing that the vernal equinox coincides with the zenith and the autumnal equinox coincides with the
nadir.

%" The local horizon of this area of the equator.

% Clockwise as viewed from the north celestal pole.
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% Al the circles passing through the North and South poles are declination circles perpendicular to the
equator. The author means that each of these circles is parallel to the plane of the horizon of aspecific point
of the equator and also parallel to the meridian of another point of the equator. The last point has a
longitude equal to the longitude of the first point plus 90°.

“% Each declination circle is parallel to a geographical and a celestial meridian.

*! Today we abstain from referring always to the planes of the points of the equator and to the meridians of
points not belonging to the equator when we consider the local declination on the celestial sphere. Rather
the declination is measured on the declination circles.

*2 The vernal equinox. They are counted counterclockwise.
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logsin60° = 9.9375306"°
log sin 23° 30’ = 9.6006997*'

19.5382303 = log sin 20° 12’
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%3 Circles of declination.

“ Esth 9; 27.

*® The exact formula is sin & = sin A * sins &. If A =60° and &= 23 ° 30’ then & =20.2017° = 20° 12’ 06”
“® Today log sin 60° = — 0.06246937. Hanover added 10 and got 9.9375306

*" Today log sin 23° 30° = —0.39930032. Hanover added 10 and got 9.6006997

*® As already mentioned each circle of declination is parallel to the plane of the horizon of a point of the
equator and to a meridian having a geographical longitude equal to the first point increased with 90°. It
seems easier to call these circles of declination of the local celestial sphere without referring always to
other regions of the earth.

*® The circle of declination is the horizon of a point on the equator. The point of the ecliptic of longitude A
rises and sets at the horizon on any point of the equator together with the point on the equator of the
corresponding right ascension a. Hence the name right ascension as the trajectories of the celestial bodies at
the horizon of a point of the equator, are perpendicular to it.
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log tang 60° =10.2385606°*

*® Thus from the formula tang o = tang A * cos € or tang o = 0.917 *tang A we deducel) that o = A for A =0,
90°, 180°, 270° and 360° 2) in the first and third quadrant tang A > tang a > 0 and therefore A > o and 3) in
the second and the fourth quadrant 0 > tang a. > tang A and therefore o, > A.

*! Here Hanover wants to compare A o and A A. By differenciation of the formula: tang a = tang A * cos €
we get for the first member (1 + tang? a) d o/d A and for the second member cos & * (1 + tang? A). Therefore
da/dA=cose* (1 +tang? L) /(1L +tang? a) = cos & * (1 +tang? A ) / (1 + tang? A * cos? ). With &= 23° 30’
we can write d a/d A =0.917 (1 + tang? 1) /(1 + 0.841 tang? )

If A=45°and &=23°30’ then d o/d A =0.996263 ~ 1 thus from 45° until 135° and from 225° until 315°
d a/d A > 1 and from 135° until 225° and from 315° until 45° d o/d A < 1. It should be noted that the limits
are rounded off limits and not theoretical limits. From the former formula we deduce with more precision
thatd a/d A =1 for A =46° 15°, 133°45°,226° 15’ and 313° 45°. Between 313° 45’ and 46° 15° and
between 133° 45’ and 226° 15° d a/d X>1. Hanover wrote approximately 45°, 135°, 225° and 315°.

%2Gee above. The formulation is unclear and imprecise. What should be noted and remembered is that in the
local celestial sphere of a place with geographical coordinate 60, ¢, the plane of the horizon is noted as the
oblique horizon. The circle of declination passing through the points E and W, the middle of the eastern
and western horizons is perpendicular to the meridian and is parallel to the horizon of the point on the
equator having the same longitude 6 and, therefore, also the same meridian. The plane of this circle of
declination is called in ancient astronomy: right horizon. The point of the ecliptic with longitude A and the
point of the equator with corresponding right ascension o set and rise on the right horizon at the same
moment at 6 p.m. true time and 6 a.m. true time. In modern astronomy we don’t make this analogy but we
know that the hour angle of the two half circles of declination of this plane is + 90° = 6 p.m. and - 90° or
6 a.m.

%3 The formula is tang a = tang A * cos €. If 1 = 60° and & = 23° 30" then a = 57.8069° = 57° 48” 25

* log tang 60 = 0.2385606. Hanover added 10.
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log cos 23°30° = 9.9623978°

20.2009584 = log tang 57° 48’
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> |og cos 23° 30° = — 0.0376022. Hanover added 10. His logarithm had a precision of 7 decimals!
% The text is unclear: we were tying to find for the right ascension knowing the declination and now we
want suddenly to know the declination.
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> The right horizon represents the circle of declination passing through the point E, the middle of the east.
This plane is perpendicular to the plane of the meridian of the place and it passes through the poles, it is
thus the horizon of the place with the same terrestrial longitude located at the equator. Sunrise on this right
horizon is thus at 6 a.m. true time and sunset is at 6 p.m. true time. Today we understand that simply on the
ground that the hour angle of the sun passing through this circle of declination is + 90° or — 90°.

> Thus the sun coincides with the point 3, it has the longitude A = 30°. The arc m = 27° 54 of the equator is
the right ascension of the arc  of the ecliptic while the arc in=oa — A =27° 54" — 7° 18’ = 20° 36’ of the
equator rises together with ya. When 1 rises at the horizon at 6 a.m. 7 rises 29m 13 s earlier at 5h 30m 47s
a.m. All these figures correspond to Jerusalem ¢ = 32°.

% Thus the sun coincides with the point ; it has the longitude A = 30°. The arc 1= 27° 54° of the equator is
the right ascension of the arc  of the ecliptic while the arc fin=a + A =27°54° + 7° 18’ = 35° 12’ of the
equator sets together with 2. When 1 sets at the horizon at 6 p.m. 7 sets 29m 13 s later at 6h 29m 13s p.m.
All these figures correspond to Jerusalem ¢ = 32°.

% Thus the sun coincides with the point 1, it has the longitude A = 240°. The arc 1 =57° 48’ of the
equator + 180° is the right ascension of the arc180° +1 » of the ecliptic while the arc = o — A =57° 48" —
(—13°18’) = 71° 06’ of the equator rises together with 1. When 1 rises at the horizon it is 6 a.m. :7 rises
53m 10 s later at 6h 53m 10s a.m. All these figures correspond to Jerusalem ¢ = 32°.

® Thus the sun coincides with the point 1, it has the longitude A = 240°. The arc m =57° 48’ of the equator
+ 180° is the right ascension of the arc180° + 1 = of the ecliptic while the arc i = o — A =57° 48* - 13° 18’
= 44° 30’ of the equator rises together with 1. When 1 sets at the horizon at 6 p.m. 17 sets 53m 10 s earlier
at 5Sh 06m 50s p.m. All these figures correspond to Jerusalem ¢ = 32°.
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log sin 57° 48> = 10.2008431%

19.8391450
Log tang 58 — 10.2042108

9.6349342 = log sin 25° 34°
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52 |f we consider one of these figures, for example figure 17 at sunset. We have a spherical triangle with the
side on the ecliptic A, the side on the equator o + A and the side on the horizon w. The angle opposite to w
is €, the angle opposite to A is 90° - ¢ and the angle xm between the ecliptic and the horizon is I, so the
angle i is 180° - 1. In the rectangular triangle w, & and A: sin w =sin & / cos ¢, hence cos Az=-sin &/
cos ¢ giving the azimuth of the points of sunset and sunrise. For the northern constellations 5 > 0 and w is
oriented to the north and Az is > 90°, hence the sign —.

In the great triangle A, a + A and w: the formula cos B =—cos A * cos C + sin A * sin C * cos b gives

Cos (180 — 1) =—cos € * sin @ + sin € * cos @ * cos (o + A). Introducing the sidereal time Ts = o + A + 90°
we get cos I =cos € * sin ¢ — sin € * cos @ * sin Ts.

In the great triangle A, o + A and w: the formula cotang ¢ * sin a = cos a * cos B + sin B * cotang C gives
cotang A * sin (o + A) = cos (o + A) * cos € + sin € * cotang (90° — ¢). Introducing Ts = a +A +90°, in
order to start measurements from the local meridian instead of from the horizon, we get

tang L =—cos Ts/ (sin € * tang ¢ + cos ¢ * sin Ts) giving the longitude of the two points of intersection
of the ecliptic and the horizon.

% The formula is: tang (90° — ¢) / tang € = sin o / sin A hence: sin A = sin o * tang & * tang ¢. This formula
is correct at sunrise and sunset, both for the northern and southern constellations. Indeed in the spherical
rectangular triangle % the angle » is 23° 30° and the sides of the right angle are ¥ = o and 1 = 3.
Therefore sin a = tang § / tang . In the spherical rectangular triangle the angle is 90° — ¢ and the sides of
the right angle are A and 6, therefore sin A = tang 3 / tang (90° — ¢). Combining the two relations we get:
sin A =tang ¢ * tang § = tang ¢ * tang € * sin @, equivalent to the above .relation. The application of the
relation to the present case of A=60° gives A = 13.2929° = 13° 17’ 34”. The difference of sunsets is thus
13° 17° or 53m 10s. The origin of the error in the the manuscript is that instead of log sin a Hanover wrote
the value of the log tang a.

Indeed log sin 57.8069° = 9.9275024, while log tang 57.8069° = 10.2009591. It is thus a carelessmistake.
% As mentioned in the precedent note, Hanover gave here log tang 57° 48”.

% Thus the difference between sunrise on the right horizon at 6 a.m. and between sunrise at the oblique
horizon. It is striking that Hanover did not realize his error as A = 25° 43’ corresponds to 1h 42m 52s while
in Israel the maximum value of A is 15.77° corresponding to 63 minutes.
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% In modern astronomy this calculation is much easier. The hour angle of sunrise or sunset is given by

Cos H = —tang ¢ * tang 5. The set lag is the difference between the time of sunset and 6 p.m (hour angle of
90°); it is thus

H —90°. Now sin (H-90°) =—sin (90° — H) = — cos H = tang ¢ * tang .

If @ and 6 have the same sign A is positif and H > 90°; if ¢ and 6 have the opposite sign A is negative and
H < 90°. Furthermore the matala or the arc of the equator rising together with the sun is a — A and the
maghrab or the arc of the equator setting together with the sun is o + A. This allows understanding easily
the rules explained at length by the author. The meaning is very simple: in the northern hemisphere days
are longer in spring and summer and nights are longer in autumn and winter. In the southern hemisphere it
is the contrary. The task is thus the comparison in the morning of o — A with a according to the sign of A
and in the evening it is the comparison of a + A with a according to the sign of A.

%7 | did not understand why he considered these limits.

% Thus calculating whether sunrise is before 6 a.m. or after 6 a.m.

% prov 23 ; 2.
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"0 Counterclockwise. It is the movement of the apogee and the line of the apsides.

™ This is the movement of the apogee which corresponded for the ancients to the precession of the
equinoxes. Maimonides in HKH 12:2 estimated this movement to 1° in 70 years approximately and al-
Battani noted 1° in 66 years. When Maimonides noted 0.15”/day he followed al-Battani because 3600 /
0.15 = 24000 days = 65.71 * 365.25.

"2 Counterclockwise = direct direction = positive trigonometric direction.

" Al-Battani considered an excentricity of 0.0347; Hanover, probably following contempory data, adopted
thus 0.0346527.

™ Apogee

™ perigee.
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"® The variation or correction is in ancient French: the equation: the equation of the center.

" Apparently Hanover uses »awi ni» with the same meaning as "wwn nwp: the equation of the center or the
quota of the anomaly.

"™ The quota of the anomaly; it has the same meaning as the equation of the center. It is the difference
between the mean sun and the apparent or true sun.

™ The vernal point y.
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Tang 25° log : 9.6686725
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8 According to the tables of Luhot ha-Ibbur and Tekhunat ha-Shamayim, it must be 15°.

8 In 'n 7 in the triangle max the side a= ma is 100000, the side b= ax is 3465 3/11and the angle max is
180° — anomaly or 180° — a. The quota of tha anomaly is the angle 8mo or xma. If we denote iR = ¢ we can
write ¢ sin B =b sina and c cos B =a + b cos a.

Hence tang B = ¢, sina. / (1 + e, cos a). With Lo=1o — . If a=130° we find p = 1.55521 = 1° 33",
However this formula is not logarithmic and therefore the classical method of the resolution of a triangle
when we know two sides and the angle between then is the use of the formula of the tangents.
(a-b)/(at+b) = [tang (A —B) /2] / [tang (A+B) /2]. Thus in our triangle

(100000 — 3 465.27) / (100000+3465.27) = [tang (o — 2B) /2] / [ tang a/2] = 0.933016.

If a=130° we find = 1.55521 or 1° 33°. If o = 50° we find p = 1° 29°.

82 (A + B) /2 = a/2, the half of the anomaly.

B(A-B)/2=(0—2B)/2

#The anomaly seems to be 130°, the complement 50° and its half 25° However the result of 1° 29" is for an
anomaly of 50° and not 130°. The language of Hanover is unclear and doesn’t allow understanding exactly
his calculation.

& According to the theoretical formulas p (50°) = 1° 29” and B (130°) = 1° 33°. Hanover’s tables in Luhot
ha-Ibbur and Tekhunot ha-Shamaim give the same data.

The calculation of Hanover is the following {tang [(A+ B)/2] }(a—-b)/(a+b) =tang (A-B)/ 2.

The calculation is exact. Log tang 25° = — 0.361352725762. He adds 10 and gets 9.6686725

However | cannot explain the values of Hanover for the log of the two numbers. Indeed log 96534.2727=
4.98468159 and log 103465.2727 = 5.01479460674. There is certainly a mistake but the final result is even
though correct. 9.6385614 = — 0.36144046 = log tang (A — B) /2 Hence

Tang = 0.44196323 and (A —B) /2 =23° 31’
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8 Apparently the author has in mind the fact that, until now his mean day is the true day at the equator; it
begins at 6 a.m. true time and ends at 6 p.m. true time. By contrast the true day begins at 6a.m. — A/15 and
ends at 6 p.m. + A/15. In the northern hemisphere A is positive in spring and summer and it is negative in
autumn and winter. Now, from here onwards, the author examines the problem of the equation of time. He
will thus consider the rue day defined by the movement of the apparent sun and the mean day defined by
the movement of the fictitious mean equatorial sun.

8 In 24 hours (meantime) the sun makes two consecutive passages at the superior meridian corresponding
to a movement of 360° but the vernal point (when we neglect the precession of the equinox) and any point
of the equator moved by 360° + 59 8”. If we define the sidereal time as the hour angle of the vernal point
and the mean solar time as 12h + the hour angle of the mean equatorial sun we see that

The sidereal time = the mean solar time * 0.997270.

The mean solar time = the sidereal time * 1.002738.

8 The author is now dealing with the equation of time. If we define itas E = T, - T thus mean time —true
time (ancient definition) then E =a — 1= (L —1) + (o — L) = C + p; where E is expressed in mean time L is
the true solar longitude, 1 is the mean solar longitude and a is the true right ascension of the sun. The first
term C is the equation of the center or the quota of the anomaly and p is the reduction to the equator.

Of course for a span of time the relation becomes AE = E — E,= Aa — Al =A(L — 1) +A(a. — L).

In the present chapter 17, we examine the effects of C, the equation of the center.

8 By differenciation of the formula p = arc tang f(a) with f(a) = (e, sin @) / (1 + ¢, cos a) we find:
dp/do=[1/(1+ (a))]*[df(e) / da]

dB/do=[1/(1+(a))] *[€0 (e + cos a) / (1+ &, cos n)?].

The extrema of the function B (a) are reached for cos a. = — €, corresponding to 91.98585° and 268.01415°.
B (92°) =1.9859°, thus (L — I)nax = 1.9859 = 1°; 59’ corresponding to 7m 57s. The text writes 8m 12s. Thus
the difference between true and mean time, due to the effect of the non uniformity of the angular velocity
of the sun on the ecliptic, never exceeds 8 minutes.

% In the present chapter 18, we examine p, the reduction to the equator.
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°! In chapter 12 the author examined the evolution of do./ dA which can be <1 or >1. See note 51.
E =T, — T represents the delay of the true time with regard to the mean time. Thus if E is increasing then
the delay of true time with regard to mean time is increasing and it will be greater at the end of a day than
at its beginning. This means that the true day is longer than the mean day. E will be an increasing function
of the time if dE / dt >0. But in this chapter we consider only p the reduction to the equator. Thus E=a — L
and dE/dt = do/dt — dL/dt. In the area 45° <L < 135° da > dL, thus dE/dt >0 and E is an increasing function
of the time and the true days are longer than the mean days.
%2 The study of the length of the true days through the year is in fact more delicate. If we consider the
relation E = C + p, we can develop C and p in series. C, calculated according to the assumptions of the
ancient astronomy (of Ptolemy or al-Battani) can be developed in serie. See Ajdler, J.J. The equation of
time in ancient Jewish astronomy, B.D.D. 16, August 2005, p. 49 note 134. We can also develop C,
calculated according to modern astronomy in serie: see Smart, Textbook on Spherical Astronomy, Chap. V
Planetary Motion,formula 87. p can also be developed in serie: see Smart chap VI Time, formula 23.
The equation of time becomes then a serie see Smart chap VI Time, formula 29 and 30. See also Meeus,
Astronomical Algorithms formula 27.3. If we consider the two main terms, the first of C and the first of p
we get E = 2 e sin M — y sin 21 according to modern astronomy. e = 0.01673, y = tang 2 (¢/2) = 0.043056,
M is the solar mean anomaly measured from the perigee. M = a + 180° where a is the anomaly of ancient
astronomy measured from the apogee. The longitude of the perigee is 282.075° thus | = 282.075° + M.
This gives E = 2 e sin M —y sin 2*(m +M) = 460.11°sin M —592.06 ° sin 2 * (» +M).
Emax = 14m 22s on February 11 and Emin = — 16m 23s on November 4.
The differenciation of the formula gives dE / dt =2 e cos M dM/ dt —2 y cos 2 (w + M) dM/dt. For the
calculation of dM / dt we assume that dt = 1 day. dM/dt=2n/ 365.2422 = 0.01720279 radians/day.
This gives for the variation of the length of the day AE with regard to the average day of 24hours mean
time:
AE=7.91°cos M — 20.37° cos 2 (o + M). AE max =+ 29.9 s on December 23

AE min = - 21.4 s on September 17.
% Hanover estimates the greatest value of (a.— L) to 10m or 2° 30°. According to Luhot ha-lbbur II table 14
the greatest value of this difference is 2° 29; it is reached for | = 45° to 47°. Thus a maximum difference of
10m is possible between true and mean time due to the effect of the reduction to the equator.
% According to Psalm 32; 8.
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% The equation of the center.
% The reduction to the equator.
*" Thus initial situation: anomaly = 0; 1=90°, L=90°. E=C+pwith C=L—-1=0 andp=0-L=0

Final situation, 30 days later: Apogee 90° 57, Anomaly 29° 34* 57, 1=119° 34" 107, L=119° 34’ 10” —
57°04”=118°37" 06”. Tanga=tangL * cosesoa=120°45"07".C=L—-1=-57"4"andp=a—-L =
2°8’ 1”’. E = mean time — true time = a — 1=1° 10’ 57”’= 4 m 44s. Thus at mean noon it is 11h 55m 16s
true time. The span of time of 30 mean days is shorter than the span of time of the 30 true days because at
the end of the 30™ mean day the 30™ true day was not yet completed. The calculations of the author differ
slightly from our calculations for the following reasons: He worked with tables requiring interpolation for
trigonometric functions and astronomical functions and, in the case of multiplications and divisions, with
logarithmic tables requiring interpolation. We will not go on checking all the calculations.
% 10> and not 5
% The exact calculation of B (29°; 34° 5”) = 0.9510° = 57 04” slightly different than the value of 57’ 45”.
1% This is certainly a lapsus calami as we find later the equation of time of 4m 37s in the text.
198 Injtial situation: apogee at 90°, | = L= 270° = perigee. Anomaly 180°

Final situation 40 mean days later: 1 =309° 25’ 33°’; B =—1° 20’ 9*°. This last value is uncorrect, the
exact calculation is — 1° 17” 43" but we will continue with the author’s . Therefore L =310°45"42”; 0. =
313° 13’ 38”(40” is more precise but we will ignore the difference). o —1=3°48" 5" =15m 12s.
Thus at 6 p.m. mean time it is only 5h 44m 48s true time. The author gives a concrete physical explanation:
he transports himself at the equator in order to avoid the term A: at sunset, the equatorial mean sun of
longitude 1 sets before the true sun of longitude L and right ascension a and the difference a — | is the delay
between the mean sunst and the true sunset.
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g -l=(a-L)+(L-I)=(a-L)+p =2°27'56"+1° 20' 09"= 3° 48'5".

8 Tm-T=a-1=1°9"9"" =4m 37s, according to the author’s calculations which are slightly different
from our own calculations: see above. Thus at mean noon it is only 11h 55m 23s a.m.

Y fE=a—1=Tm-T>0then T = Tm— E. Hanover writes that Tm =T + E. We must add E to T to get
Tm. As he explained when the mean sun is at the meridian the true sun is still 3° 48” 5°’ in the east, we
must add 15m 12s to the true time to get the mean time.

15 Tm_-T=0a-1=3°48"5"=15m 12s. Thus at mean noon it is only 11h 44m 48s a.m. and at 6 p.m.
mean time and according to the image of the author, who transport himself at the horizon of the area with
the same geographical longitude, at the equator, when the mean equatorial sun sets at the right horizon, the
true sun is still 3° 48° 5°” above the horizon. When the true sun sets, the mean sun is already 3° 48’ 5’
under the horizon. Thus at the equator, at 6p.m. it is still 5h 44m 48s p.m. mean time.
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1% Already mentioned in the beginning of chapter 17. See note 86.
76— (a—A) = A =arcsin (tang ¢ * tang 8) = arc sin (tang ¢ *tang & * sina). It is the difference of
sunrise with regard to 6 a.m.
108 5 — (a+ A) =— A. It is the difference of sunset. It is the difference of sunset with regard to 6 p.m.
199 Sunset at the right horizon is always at 6 p.m. true time.
"% Deut 4; 35.
1o — L = p, the reduction to the center and L — | = C, the equation of the center.
M2 =118°35725;1=119°34" 10" ; a = 120° 43° 19°’; Magrab= 134° 54° 55’

Maghrab — 1= 15° 20" 45>, Maghrab — 0. = 14° 11” 46”".
Thus A=14° 11" 36" or 56m 46s. Thus sunset is at 6h 56m 46s p.m true time.
E=C+p=a-1=1°9"9" =4m 37s. Mean time precedes true time, thus at this moment it is already 7h
1m 23s mean time. Thus sunset is at 6h 56m 46s p.m.true time or 7h 1m 23s mean time.
a+A-1=15°20"45" corresponding to 61m 23s. All of this according to Hanover’s calculations. But
using the formula sin A = sin o * tang € * tang ¢, it comes out that A = 13° 30' 26", and this affects
somewhat the results above.
3 The variation during one day, for example from noon until sunset, is negligible.
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MC+p+A=1°9"9"+14°11" 36" = 15° 20" 45°*. Hanover however writes 15° 25’ 45”°. It must be a
scribal error. Indeed we found above Maghrab —1=a+A —1=E + A= 15° 20’ 45’ or 61m 23m. Sunset is
at 7h 1m 23s.
o0 =313° 132 38"
165+ A=301°48" 57" so A = -11° 24' 41". Using the formula, A = arcsin (sin o * tang € * tang ¢) = -11°
25' 6", which is fairly close to the Hanover's A.
Yo+ A-1= -7°3636"
MWEA=_11°24"417. 0—1=C+p=3°48"5".C+p+A=3°485"—11°24" 41" =~ 7° 36" 36"
corresponding to 30m 26s.
19 A =—11°24" 41> means that sunset is 45m 38s before 6 p.m. at 5h 14m 22s p.m. true time.

E =3°48" 5= 15m 12s. Mean time precedes true time. Thus at this moment it is already 5h 29m
34s.mean time. At sunset it is 5h 29m 34s p.m. mean time.
120 = 255°, This statement seems uncorrect.
121 According to Hanover, the longitude of the perigee was in his days = 277° 36’
2 £ = 17m 10s. According to Hanover it would be on about December 6. In fact Emax is 14m 22s on
Febrary 11. Since E =T, - T, therefore T = T, — E. So when E > 0, Hanover subtracts E from the mean
time to get the true time. And when E < 0, Hanover adds the absolute value of E to the mean time to get the
true time.
123 105°. This statement seems uncorrect.
124 The longitude of the apogee was at his time 97° 36’.
125 E = —16m 20s. According to Hanover, it would be on about July 6. In fact Emin is — 16m 23s on
Novemver 4. Ptolemy and al-Battani had already recognized that the maximum of E is at about 320° on
about February 10 and the minimum of E is at about 220° on the beginning of November.
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126 Here Hanover insists on the difference between the sidereal time (he never defined this concept
explicitely) and the mean time. During 24 hours mean time the sun passes twice through the superior or the
inferior meridian but its longitude increases by 360° 59’ 8°’. Therefore in 24 hours the sun makes a
complete rotation but a point of the equator like, the vernal point covers 360° * 1.002738. Thus in an hour
the sun covers 15° but the vernal point turns by 15° * 1.002738 = 15° 02° 28°°.Thus the apparent angular
velocity of the equator is greater than the apparent angular velocity of the sun because of its own movement
opposite to the diurnal movement. Therefore, Hanover thought that all the quantities considered in E refer
to a point of the equator turning faster than the sun and therefore E in degrees should be reduced in mean
time by multiplication by 4 * 0.997270. The author writes indeed that 15° 28 of the equator corresponds to
an hour. In fact it is a lapsus calami, it must be 15° 02” 28* = 15.0411 as he writes himself later in this
chapter, and 15.0411 * 4 * 0.997270 = 60m = 1 hour. But in fact we have here a reasoning mistake: E =
Tm — T means that E is measured in solar time and therefore 1° = 4 minutes of solar time and there is no
necessity to multiply by 0.99727.

27 £ = Tm — T in this book. Thus T = Tm — E, and if E >0 it must be subtracted and if it is <0 it must be
added.

128 The scholars of the 16th and 17th century were indeed much divided about the equation of time.
Hanover, who knows perfectly the elements of the ancient astronomy, is apparently not aware of the
treatment of the equation of time in ancient astronomy (Ptolemy, al-Battani) and he follows the modern
theory introduced by Flamsteed. Hanover masters completely the subject; however he does not situate
correctly the positions of the extrema of E.

» Deut 13 ; 15and 17 ; 4.

¥ proyv 8 ; 8.

B Clockwise

132 Counterclockwise.

133 psalm 104; 19 and B. Rosh ha-Shanah 25a.
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B34 Exodus 1 ; 12.

135 Deferent

136 Counterclockwise.

57 Epicycle.

138 Clockwise.

139 The epicycle turns clockwise. Therefore an external point of the epicycle gives the impression, seen
from the earth, to move clockwise while an internal point of the epicycle seems, from the earth, to move
counterclockwise

10 Deferent.
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14125 49° would be more precise : 13° 3' 53" 55" 48" * 29 — 12 — 793 = 385° 49” = 25° 49’

142 The distance between the mean sun and the true sun is the equation of the center or the quota of the
mean solar anomaly.

13 The distance between the mean moon and the true moon is the quota of the moon’s anomaly.

144 The true longitude of the moon is greater than the true longitude of the sun; the true conjunction was
already before the men conjunction.

> Drawing 10 : " 7z

1% Indeed the calculations of Hanover were performed on a similar way as professional astronomers of his
time.
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7 The second lunar model in order to take the evection into consideration. See Pedersen, O. A survey of
the Almagest, Odense University Press, p. 184.

18 The evection. Its effect is maximum when the elongation is 90° and 270°.

9 Gen 8; 5.

150 The distance is maximum at the conjunction and opposition when the elongation is 0° and 180°, the
distance moon-earth is then P = R + e = 60; the distance is minimum when the elongation is 90° and 270°,
the distance moon-earth is then P =R — e = 39.3667. The ratio P min/ P max is = 0.66. More over, in
chapter 24 it will be explained that what we call here the moon, is really only the center of the epicycle, and
the moon itself is on the epicycle. And in chapter 26 Hanover writes that the radius of the epicycle is
0.10576R. So the ratio of min moon-earth distancd to its max, is 0.69 / 1.31 = 0.53.This in contradiction
with all the observations and was a real objection against the model of the ancients.
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BLIn x™ 77 it is assumed that the mean sun remains in X. Thus the whole figure remains centerd on the
mean sun.

152 For example.

153 The third lunar model. See Pedersen, A Survey of the Almagest, 1974, p. 192.

15% \ntroduction of the third model in order to account for the situation when the elongation is 90° and
270°. However, Hanover's claim that the maximum value of the quota of the double elongations is at 45°
135° 225° and 315°, is not accurate. According to Hanover's own table of the quota of the double
elongation, whose accuracy was verified by us, the maximum value of the quota of the double elongation is
reached at the elongations 57° 123° 237° and 303°.
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155 The a™ 7 is very important to understand the definitive lunar model. It must however be emphazised
that the line 1% going from the earth to the sun should be the bissecting line of the angle »&n, this is not
exactly the case on the figure.

1% The point diametrically opposite to the center of the deferent; it is called the prosneusis point.

35



A"

o°%5 "V 19N S92 IRIAW 72 DI 201D 2PN 07 I TV NI WK I9RT DWh 90
LY OMTOTR TRRT ONPwE MIn o PARDm KDY Awwn R oovpa 10 s onw 790 oI
an 9"V MO oMW WIWA NAWAT 2707 DN 00 MIANT S DWW Awn Nndn
10576 X7 73970 2323 20 XM 2% 20766 PART 1A PN RIT RV 1000 PR IRXNw
20 Rwnh 9o Moy .oophn 100.000 OR o pOnI KXV 9A03 0 CXnw 2P amRn ,0%phn
M7 PR AT 932 KXY 991 03 ,00wWwna nnon 9"V YR 20w Awhw MInd 01010 097277
158 5"y 1110% X2 WA 19IM NY 33 PR 10

7"
NSWAN PADM [A 03,072 WAWT JwRn o0y 1 nva 0o P%r x5 mxon ey xibn
WAw NP7 DMIRD MP2 awa Y YER XIpIw an XK 0 mnTp w3 onan 0o ovnysh L a9vhn
O T P00 CNOART PIPA DY 7O WA PR 00 1001 9"V 3310057 YHYa IRRAY LA P00 IR
RANCW 7771 993 RO AT WAwa MPOha A9 03 10307 AT 219M1 LTIV DY RIW NI Nva 7an
WA T IR P2pn RAT 2R MY MR Y PRI MY QWi X 7AW A" 02 YT 020 00 101k
WAWR ORI PRY 2P RITW DX 2Pna PXINI N2YWM WA TR IR NRapnT Dwuvn RN
T OAWRI PY LA A0 75YAR R WA PARAY aw RN a3 WK NY2 aw vATe ooy
TR 232 M2Tan 9a%3 S¥n 0 777 PR OIRY L0707 2199 IR 90 2372 RSP0 WRI2 DR Piavpn
WY PII RIVT RAW TV IVOIDT NIRRT MO 2393 DAR 7P DON 2200 [T whawn
L, "0 1APR IRANOW M2 MPTAT 2AP3A TYCADT NTIPI TV YO WA BV "3 12w K17 77 9V 02w
PRIXOT THWI? 90 ROW WAWS 1) 1112 2720 Ton RO DY T 07O N2 A7 090 a0 .Y
NY2 93 ¥IM PN 777 P02 1790 DIAR LWRwa P00 SWmn 72901 DR A9V 0197 000 oY
D7 TNRW AT2 R MOYA 9P IR AT 20PN PART 1A A9YAY 09 PR DN R Whawnw T30
M VAR R WARIW PP .MPTAT 293 DYn Ul ON92 1707 TRW 9N 2312w Ohn wRIA T
DR WAWR XX TV O°1°2 NP0ON RO "R aMYRARA RO PIRT YIRT 12 70 X3 00 YORT
1900 ROW TV WAWT 1921 192 DTN PIRTY MEY NRDA MR 777 PRY 9D .07 OR AT 2091
SWnn T P2 03 DPID N2°0 RO DR IMITR 7700 IRYY 100 ,wawd 1R 1R 070 9w
D91 ONMRT PIPT NV A NTIPIR XIT AT L2 DT R WART PIRT RO R 70,3 an
109 . WAWA 121 1112 SYRART 2XN2 RITW A7 NN ,WAwT 1A 70D PR 1 39YR7 IR D 0nw
71 .ANNTPA IRW 11N PNANT PO WARTR 1R 22pRn RIT 0D PRAT R 070 1 710hva phnn
DO91D WA PRI PR 197,00 WRwa MITANT DN 22T DOWIRT P WAwT PA PO0on 1nw

57Jud 20; 16.

158 According to Ptolemy the distance between the earth to the apogee of the lunar movement is 60P, the
radius of the circle described by the center of the deferent around the earth is 10° 19’ and the radius of the
epicycle is 5 15°. The radius of the deferent is 60" — 10° 19’= 49" 41°. Thus the lunar excentricity is (=
0.207648 and the ratio radius of the epicycle/ radius of the deferent is 0.105669. Hanover takes a radius of
the deferent of 100000 and adopts an lunar excentricity of 0.20766 and a ratio r/R = 0.10576 very close to
the former values. It is likely that the values of these parameters were taught in his time and were not
personal values adopted by him. See Ajdler, J. Hilkhot Kiddush ha-Hodesh al-pi ha-Rambam pp. 55-56.
19 Job 19; 27.

180 According to Isaiah 50; 3.
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1L B, Rosh ha-Shanah 23b.
182 The copist skipped probably a line. See Tekunat ha-Shamayim chapter 74 about the same subject.

37



52 9%0 231 79N WRI QW1 200N IRP T DR T PIMA 373 VAT MTPI N 02 TV 1NTY aun
TIANY MW ATIRIM VPN WRI QWA IR MOTAT 2303 119X 737 MLI? 7700 N0 3w 370
W 192 SYXNR PIINA 7707 770 IWRDY DN 23T W3R WP MOTAT 293 0177 78% mvlb 1 oonne
TIDXY 1P N°92N2 M2TAN 9A23 HYn TUI RIT TR L0071 AR 21 N9YA 'Y pn RN ORI MTIpIn
TRW D7 577237 1117 77011 °N?2 K17 TR 2377 IR WRIT DRI 107 00 WK 39V 170702 21079 R
DTN’ AWK D NN NIND2 101 17 7 12393 MITIPIT IRWY NZY M 2308 T T R
7Y NDOYAY NPT NP0 PRIAT 19X NRDY MOTAT 2393 DY 10 R 700 L, WRIT NTIPIN YINaR 10
NTIPI 2R W7 TV NI NLYANM N0 PR AR QWA ,paIng NP2oN2 70007 AN IRY Tovn 'Y
nYHYA "X TV NI N2ANTNR INPBN MPTAT O1NTY 01 RIT AR QW L0INR7 70117 PR IRWY 2370
KXY WK 2R RITW WRIT NTIRI IR IR TV DUYANM NODT ARYT QWi prnna NO9an2 5000 IR
M NRDY MPTAT 2A%3 DYn AU AAWw 99R [T 2MN 029N PR DRIPI DRI O0IM .own
DR WAWT 72071 121 MPTAT 2A%3 NPRY RO RRAm nPRY T 782 Hwan .02 R N19%5 1970
WRI NTIPN PIRT AW MTIPID 7RI XT3 DT AT 7902 121 70130 2393 NYRY RO [330]8Y
X177 990 2111 0910 2a9An 119X NIRDY MIVIY INn ROTN ITIPIR 10 Y AWRY R NTIPIA X 9N
7 NTIPI WAWA 7O WRI MPNAT 2APA 0177 DRDY NMIVIY DONNn RO ATIPI2 1797 IWRDY 2 NTIPI
TV PN DT VI S0 2A9An 7 NTIRIR IR M 1M 0PN WRAY 21 RIM M9 Davan
O TR LMTT 121 931 Wawi 190 DY 0231 MOTan 9a%3 2mpn K1 )P0 N2 SHN wRI DTN
IR 1222° X2 A NTIPI2 WR YIRT CAWPW D7 RITT 2PN CNOART PIPR T OR wawd P aw
WY NTIPIA RITT T W W WAWS 1P 0702 92720 o K1 AW N2V WA IR XX
ST 32T WAw 192 R YO RIT 1T 100 DY 12 PR

NPYH QW AW MY IR PRI IR AN RN TRYR2Y 02N 230 0921 [ wawa N2 P 1)
MPTAn 1T 932 P 7 IR 200 DTPIA (T wawa Y S1X7) oI P IWRD Whwn
VOWNI MPTAN 202 JINWN R? WK TAXY M 2393 DR ATIPI2 20T 21w pOD V92 2w
NI R ODONT DTIPIN 20PN O AR DAR.INIAD AN MM W 72 919 ROW AR TR VA
TR DWW wawa [P°R] T KD IR T NTIPI2 01 93232 770 7000 M2Tan 9a%an Y TP whawn
17 PRY 7Y (MW R %17) 12 T wawaw MR 203 Hyn IR a0 70w 092 22w MvTan
7T 991 ONMRT YI20Pn oW wrw 9"YR DRWIT MIPTHaN 1072 932 PIRT O¥ whws SXIX0I YA 20vn
LRI P IR AU RITW ODD 77772 VAID R WA 192 TV IONAY PR AW S1Yn KXV IPIW 000
Hn 2% 21 WA 7 IRY [7](8) DT RN VPN WRIZ 2P 17°7 NP2 TN DY PO R
M7 P O TR LD NTIPIA WA 1 NTIPIR [0 W M7 DX 7972 R [9](2) TPl Rm
M7 922 77°7 P 070 OTR V9N 2112 C3Ww V2N WRI2 O7n TIR 70 WK 22T NITRn 710702
9120 XY wnWwaw 7Y 077 9V DX NahwRY 1T WA 12 NPT7an YIRAY IRW 097 PO K92 oYW
PRI 19922 VAID RIT WART 100 DR WA 7707 1900 R WA Mava rhy vl 7hwnd
QWA MR a7 DW1A 777 P00 T KXY 900 NTIPIN 2PN anaa oYY Lova npooni
DNAWM 2P0 7707 .INR2Y WX A1 3N MNTY IR MDD MOTAT DA% SYn 7700 N1L1 Mava
163 3931 >Ny wx 9902 *"TYa RaAn

n'">
T TR 2TA2 VIR QYD MR QYD 1YY 7127 9232 12 12200 0T 72012 1007 29V 1P WK

D172 701 MRV RITT 2T FTIRED DOIWT IR N D277 MR NPT 2R 19XY 0 Mt
M 9T NDXY TUN W NYONN2 AhW 27AYOY MEYVA AR WTINA BORW T R MPman 9avan

163 Apparently the same book as that alluded in the introduction to the second part of Luhot ha-Ibbur.
However, in the first part of this book he gives a method of calculation of the eclipses.
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184 The epoch.

1% The date of his epoch is thus in Tishri 1725. In Sefer Tekhunot ha-Shamaim he adopted his epoch in
Nissan 1730 and in Luhot ha-Ibbur he began his calculation at the moment of the creation. The date of the
epoch could give us some information about the date of composition. The epoch was Friday, September 7,
1725. The epoch was likely on Thursday 6 September 1725 at sunset. From the following

passage beginning by "w>w chap. 31 p. 41 it appears without any doubt that the epoch was at 6 p.m. mean
time. In chapter 38 p. 49 it seems that the epoch coincides with the true sunset.In Tekhunat ha-Shamayim
(1734) chapter 89 he writes that the visibility calculations are performed 20m after sunset. In luhot ha-
Ibbur 11 (1756), p. 20, 22, 29 and 30 he seems to calculate at 20m after sunset. In p. 20 of this book he
writes that the epoch was 5 — 0 — 360, thus at 6h 20m p.m. mean time. It is likely that he was hesitant about
the subject. But this last data seems to be his definitive position.

1% 1t is likely that Hanover means the mean sunset at 18h mean time. We are indeed near to the equinox.
Similarly Hanover considered the epoch of Maimonides at 18h mean time.
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187 The movement of the anomaly is given in chap 23. The movement of the ascending node of the moon is
given in Tekhunat ha-Shamayim as 0°3'10"37"'48"" instead of 0°; 3’ 11°’ given by Maimonides.

1%8 Hanover deduced the mean movements from Maimonides’ values for 10000 days. He assumed that the
values for 10000 days were considered with a greater precision than the smaller spans of time. Banett made
later the same assumption. However Neugebauer proved that this assumption is uncorrect. See Ajdler, J.
Hilkhot Kiddush ha-Hodesh al-pi ha-Rambam, Jerusalem 1996, pp. 228-233.

169 We find the mean coordinates 100 days after the epoch: ly=265° 10° 41”°, apogee: 97° 35> 59, solar
anomaly:a = 167° 34” 42°°. Hanover calculated then the quota of the anomaly and he found B =26 24’
instead of 26” 31°” by an accurate calculation. Hanover introduced here, without any explanation, the
numbers 2069 and 1931. The exact calculation is based on the ratio (100000 + 3465 3/11) / (100000 — 3465
3/11) = 1.071793. Hanover replaces this fraction by 2069 / 1931 = 1.071466, probably for simplifying the
calculation without losing significantly the precision. L = | —  =264° 44’ 17"".

170 (a/2) — . See note at the end of chap 16.

" Maghrab = a + A. Sin A = tang ¢ * tang & and sin & = sin & * sin L. He finds & = — 23° 24",

72 Tang a = cos & * tang L. Hanover gives o= 264° 16°.

13 Sin A =tang @ * tang 8. @ = 32° and & = — 23°24°. A =—15° 41’ = — 1h 02m44s. Thus sunset is at 4h
57m 16s true time.

% Maghrab = a + A =264° 16’ — 15° 41°=248° 35°* < o sunset is before 6 p.m.

Furthermore o + A — | =—16° 35” 41>’ = 66m 22s. Sunset is at 6 p.m. — 66m 22s = 4h 53m 38s mean time.
1516’ 36" = Absolute value of [E + A] where E = a— | = Tm — T =264° 16’ —265° 10° 417> = — 54" 41" =
—3m38s. Tm =T — 3m 38s. Sunset is at 4h 57m 16s — 3m 38s = 4h 53m 38s p.m. mean time.
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6 £ = Tm—T. Therefore T = Tm — E. but here E <0 and therefore T = Tm + 3m 38s. Therefore the text
seems incorrect and should be: 1a1% ¥»w >73 *NoaR;:T 1173 Y1732 I 197 WRWn VIR NS X7 ARAAIY 09
SYNARTT.
" The exact figure is 15° 2° 28", Indeed (366.2422 / 365.2422) * 15° = 15° 02° 27.85”. See chap 22.
However Hanover seems to make the same mistake as in note 126: indeed E is expressed in solar time and
there is no reason to multiply by 1.002738 as if we were passing from mean solar time to sidereal time.
178 The true sunset was thus at 4h 54m p.m. mean time.
19 The movement of the sun in 66m was subtracted from 265°; 10” 41°*. The end of the span of time of 100
days ends thus at 6h p.m. mean time. The sunset at the time of the epoch considered by the author is thus 6h
p.m. mean time. However in chap. 40 and 42 the author mentions that the moment of vision is 6h 15m
mean time.
180 Hanover used the quota of the anomaly calculated before and considered it as a good approximation.
181 Here Hanover calls mean sunset the moment 6 p.m. mean time; it is the mean sunset at the equator.
The true sunset was at 4h 53m 38s p.m. mean time, thus 66m 22s before mean sunset.
182 At the time of sunset, at 4h 54m we have the following data :
Sun. 1=265°7"58". L =264° 41" 34",
Moon: 1 =47° 50" 45>°. Anomaly = 135° 22” 54°”. According to Hanover, and to our calculation it should
be 135° 20' 44". Ascendant node = 25° 8’ 26”” according to our calculation, and in the text there is a scribe
error, but it is corrected in the 9'th step, see there. The value of 25° is thus a rough approximation.
183 Elongationn =1 — lo=47° 50 45> —265° 7> 58’=—217° 17° 13*° = 142° 42’ 47",

Double elongation 2n = 285° 25’ 34"’
184 The quota of the double elongation is the angle sm> or xna. In order to find it we must solve the triangle
onx. But for that purpose we need the side .nXThis necessitates the resolution of the triangle nxa. In this
triangle we know 82 = 20766 , ma = 100000 and angle nx2 = 21 on figure 12. But since 2n > 180, we must
resolve the triangle where the angle nxz2 is the complement 360° — 2n. We know two sides and the angle
opposite to one of them ; by application of the the sine-theorem : sin anx = sin (360° - 285° 25° 34>") *
20766/100000 = 11.5474 =11° 32” 51°°. Hanover writes & = 11° 34”. We deduce tha angle max, it is 180° -
11°32° 51 —74° 34> 26> =93°52" 43", We find then the side nx.From the theorem of the sin nx = (sin
93° 52’43’ / sin 74° 34’ 26°°)*100000. = 103499.6, to compare with 103504 of Hanover.
185 See preceding note.
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186 \We must now solve the triangle max.

187 The mean anomaly, angle »n% was 135° 22’ 54°, the quota of the double elongation, the angle %z is
10° 24’ 15, while Hanover writes 10° 25'. Therefore the true anomaly is 124° 58 39°’, while Hanover
writes 124° 54’ instead of 124° 59'. The best way to realize that we must substract the quota when the
double elongation is > 180°is to draw the figure.

188 \We must solve the triangle »nx. We know the side mx = 103499.6 and the side »r= 10576 and the angle
»nR=180° - 124° 58” 39"’ (the true anomaly) = 55° 01° 21”’. Thus angles »xn + xan = 124° 58” 397,

The theorem of the tangent gives tang (»xn — 8»m) /2 = tang [(62° 29" 19.5" — »8m)/2] =tang 62° 29° 19.5”
*[(103499.6 — 10576) / (103499.6 + 10576)] = tang 57° 24’ 23"’ to compare with 57° 22’ for Hanover. The
quota of the true anomaly is then B = 62° 29 19.5”” — 57° 24’ 23* = 5° 04’ 56”".

189 The true longitude of the moon at the time of sunset is then 47° 50° 45>> — B = 42° 45° 49”’instead of 42°
48’ 45’ that Hanover found.

190 L - Liode = 42° 48 45°” —25° 87 267’=17° 40’ 197, From here we see that Hanover had the correct
number for the ascendent node, and in the 6™ step there was a scribe error.

11 Sin B = sin(argument of latitude) * sin 5°. Generally we consider that the argument of latitude is an arc
of the ecliptic and the formula is then tang B = sin (argument of latitude) * tang 5°. However, the use of the
first formula proves that Hanover considered that the whole theory of the moon’s movement happens in the
plane of the moon’s movement. The argument of latitude is thus an arc of this plane and not of the ecliptic.
When Hanover calculated right here the distance of the moon from the ascendant mode, by subtracting their
distances from the vernal equinox (see previous note) he obviously considered this distance to be on the
ecliptic and neglected the slight difference between both planes.

92 Thus 90 days after the epoch, at 6 p.m. mean time: lp = 255° 19” 18", lypogee = 97°35° 58”’and the mean
anomaly is a = 157° 43" 20"".

193 With the formula tang B = e sina / (1 +eq cosa). I find p = 46’ 39°*. Hanover, using the approximate
formula p = o/2 — tan((1931/2069) * tan(a/2)), gets 46' 26".

194 |Ly=254°32" 52" at 6 p.m. mean time.
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% Sin & = sin & * sin L thus & =— 22° 36° 09”". Tang o = cos ¢ * tang L thus o = 253° 13’ 33°".
Sin A = tang ¢ * tang 6, thus A =—15° 04’ 42°°. Maghrab = o+ A =238° 8’ 51’<,.
a+A—1=-17°10" 27 = 1h 8m 31s. Hanover rounded it to 30s. Thus sunset was at 4h 51m 30s
p.m.mean time.
19 In the first stage we had calculated the mean solar coordinates at 6 p.m. mean time. Now the sunset is in
fact at A/15 or 1h Om 18s before at 4h 59m 42s true time. ButE=T,,—-T=0-1=-2°5" 46" =—-8m 23s.
Therefore T, = T —8m 23s = 4h 51m 19s mean time. We must recalculate the solar coordinates 1h 8m 42s
before 6 p.m. mean time. Thus Hanover recalculated |y and L, at the time the true sun is setting, which is
68.5 minutes before the end of the 90 days. In 68.5m, the mean sun moves 2' 49", which has to be
subtructed from | and L,.
97 The movement in longitude of the moon during 1h 8m 42s.
19 At sunset we have following data ; sun : lp = 255° 16> 29°*, Lo = 254° 30> 03".
Moon: I(=276° 03’ 33", mean anomaly = 4° 42 52”°, Elongation 1 = 20° 47’ 04"’ and 2n = 41° 34° 08"".
1991146 is the rounding off of 114582.35 after division by 100.
200 1 the triangle max. the side ma = 100000, 82 = 20766 and angle nxa = 41° 34° 08"
Therefore sin angle &r2 / 20766 = sin 41° 34° 08’ / 100000. Angle xra =7° 55° 11”’and angle max=130°
30’ 41”’. Finally side nx& / sin 130° 30” 41°” = 100000 / sin 41° 30* 08”". nx = 114582.35. Hanover writes
1146.
L |n the triangle anx, the side mx= 114582.35, o5& = 20766 and the angle nx> = 180° — 41° 34’ 08" =
138°25° 52”°. We have then tang (41°34” 08°°/2) / tang[( 5 —1) / 2]= (114582.35 — 20766) /(114582.35 —
20766 )
Angle 3 =35°31" 27" and angle 1= 6° 02’ 41”°. The quota of the double elongation is thus 6° 02’ 41°” and
the true anomaly is 4° 42 52°” + 6° 02 41°> = 10° 45” 33", This is exactly the value of Hanover.
292 |n the triangle »nx the side nx = 114582.35, the side »r = 10576 and the angle »nx = 169° 14’ 27"
We can write : tang [(» — X) / 2] = tang (10° 45° 33°” / 2) * [(114582.35 — 10576) / (114582.35 + 10576)].
Angle nx»=0° 54’ 18.5”and angle 8»r=9° 51" 14”*.The quota of the true anomaly is 54’ 18.5’. Hanover
found 55°. The true longitude of the sun is 276° 03* 33" — 54° 18.5”> = 275° 9’ 14”’, to compare with 275°
8”33,
3 Side mR = (sin 169° 14> 277 / sin 9° 51° 14”") * 114582.35 = 124982.40. Hanover calculates »x slightly
differently (sin 10° 45' 33"/ sin 55") * 106 = 1237, but he writes 1238.
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2% The argument of latitude.

25 gjn B¢ = sin (argument of latitude) * sin 5°, we get B( =—4° 40’ 55”’. This allows us correcting the
manuscript and suppress two incorrect additions: 4° and not 40°, latitude and not quota of the latitude. If we
considered that this argument of latitude is an arc of the ecliptic then we would have

tang B = sin (argument of latitude) * tang 5° and we would have f( = 4° 41’ 03°°. Similarly the length of
the arc of the moon’s path would be given by tang x = tang (argument of latitude) / cos 5° and x = 249° 32’
51°°. The differences are negligible.

206 The moon is not in the ecliptic; therefore the determination of its declination & is problematic; now & is
necessary for the calculation of the setting of the moon. The present chapter will examine the calculation of

&y

2t The point of the ecliptic which has the same longitude as the moon M. We will call this point M’; the
arc MM’ is perpendicular to the ecliptic.

208 Tang X = sin yM” * tang 23.5° = sin A(* tang 23.5°

209 90° - B( -R =2

20900 + B(- 8 =23

211 \We must probably correct the text by : n>wa wow

?12:Sin (90° - ) / sin (90° - 2) = cosn /cosa = sin 66.5° / sin §.

Thus =90° - B - nehw xB(>0and A <180°or B(<0and A >180°. Sind = cos 23.5° * cos 2 /cosk
But cos 2 = cos (90° - B - &) = cos (90° - B) * cosx + sin (90° - B ) *Sin K.

Now cos 2 /cosk = cos (90° - B) + sin (90° - B¢ ) * tang X = sin B + cos B *tang X.

Finally Sin & = cos & *cos a /cosk = cos & *(sin B+ cos B *tang & ) = cos & *sin B + sin & *cos P * sin X
Which is indeed identical with the formula for transformation from ecliptical into equatorial coordinates :
Sin & = sin B * cos € + cos P * sin € * sin A. This formula is true in size and sign and exempts us from the
discussion of the author.
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213 Cos &/ cos A = cos B / sina or cos(90° - 3) * cos & = cosP * cos A.

But we know that cos 6 * cos o = cos  * cos A (sine-theorem in the spherical triangle with the following
vertices: equatorial pole, ecliptical pole and the celestial body, the moon).

Hence (90° - 3) = a = the right ascension.

214 Maghrab + 90° = a. + A + 90° = T, = hour angle of y = right ascension of the zenith.

215 We get o — o zeninn- This difference is precisely the hour angle of the moon.

218 ywni man van = tang (90° - o).

217 Tang 7 = cotang ¢ * cos (o — o zenitn) = cotang ¢ * cos H,.

" Thus 71 =90° -3 and =1 — 7

219 Cos 7 /cos ¥= sin @ / sin h. Thus sin h = sin ¢ * (cos 1/ Cos 7).

Now cos1=c0s (7—7)=Ccosna*cosT+sing *sinT.

Cos1/ cosT = cosn +sin 1 *tang 7. but 7= 90° - 8 and therefore CosY/ c0s7 = sin & + cos 6 * tang 7.
Thus sin h¢=sin ¢ * (cos 1/ Cos 7) = sin ¢*(sin & + cos d * tang 7) = sin @*( sin 3 + cos & *cosH /tang ¢ )
Hence sin h¢ = sin ¢ * sin § + cos & * cosH( * cos ¢. This formula is identical to one of the formulas for
transformation from equatorial coordinates to the local horizontal coordinates, the altitude h and the
azimuth A:

Sin h = sin ¢ * sin  + cos @ * cos & * cos H.
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220 The parallax in altitude. We consider the true moon in 1 with the altitude h and the zenithal distance z;
and the apparent moon in t with the altitude h” and the zenithal distance z’.
The parallax is p’ =z’ —z = h —h’, the angle at % in figure 15. We can write: sinp’ = (p / R) * sin z’, with p
= radius of the earth and R the distance moon — earth. When the celestial body is at the horizon then we
have z” =90° and sinp=p /R.
221 \We can write according to the tangent- theorem :

R+p/R-p=[tang (180° - z’+p’) /2] /[ tang (180° -z’ —p.) / 2]

R+ p/R—p=[tang (90° +h) / 2] /[tang (90°+h -2p°) / 2]
Hanover wites

R+p/R—-p=[tang (90° +h) /2] / vand s = (90°+h -2p’) /2.
Therefore [(90° + h) /2] - =p’
222 Hanover wants to find w = 90° — Az, the distance between the point W, the middle of the west and the
foot of the quarter of the circle of altitude passing through the moon to the western horizon.
?23 cos w = sin 71 * sin H(/ cos h. = cos § * sin H(/ cos h, Thus 7= 90° - 3. The context proves that we
must replace amn which usually denotes the latitude of the moon from the ecliptic, by 121, the altitude
above the horizon toward the zenith. .

Now by the sine-theorem in the parallactic triangle we have the relation: sin z * sin Az = cos & * cos H,

hence cos w = sin Az = cos & * cos H / cos h. The formula of Hanover is thus identical to the former
formula if we correct the text and replace the latitude by the altitude. It gives w or Az of the foot of the arc
of altitude passing through the moon at the moment of sunset. This is clearly defined by the text:
POIRT ¥ ROAW 727 NNV TTIPIT 1721 2797 YXNKR 1AW POIRT Nwpa 17 mMYyn and.However the following text is
incorrect :0177% 27vnn YXNRK 17° NYOPY 2am1 awn |, because the moon at the moment of sunset is still
above the horizon.
224 The distance w, between the middle of the west and the point of setting of the sun.
Hanover writes sin Wy = sin € * sin Ly / cos ¢. This formula has been demonstrated in note62; indeed
sin 8= sin ¢ * sin Ly because the sun is on the ecliptic. Thus sin w = sin & / cos @ = sin € sin Ly /cos ¢.
#%5 See above; it is w or A at the moment of sunset.
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20 It is Az~ Az,
227 Maghrab = a + A.
228 Thus sin Lo / sin (90° - ¢) = sin (a + A) / sin | where I is the angle ecliptic — horizon at the moment of
sunset. This is the sine-formula, at sunset, in the spherical triangle equator- ecliptic and western horizon. Its
sides are a + A, Ao and w; its angles are |, 90° - ¢ and . I is given by: sin I = cos ¢ * sin (a. + A) / sin Ay.
22 Cos J = sin | * cos (we— wp) . J is, at sunset, the angle ecliptic — vertical between the ecliptic and the
vertical passing through the moon at this moment. It is a formula in the rectangular spherical triangle
horizon - ecliptic and vertical passing through the moon at the moment of sunset.
20'sin AB = sin p’ * sin J, where p' = Ah,, see note 220. ABis the parallax in latitude. This formula is exact
if we assume that the true moon is north of the ecliptic, and the apparent moon M’ is on the ecliptic. We
consider then the spherical rectangular triangle: vertical passing through the moon M and M’, the ecliptic,
and the great circle of latitude passing through M. The formula is also exact when the apparent moon M' is
south of the ecliptic, and the true moon M is on the ecliptic and we consider the spherical rectangular
triangle: vertical passing through the moon M and M’, the ecliptic, and the great circle of latitude passing
through M. In the general case, because the latitude of the moon is never greater than 5° and never below —
5°, the formula must give close to correct results.
22 AB(=B(— P’ Thus B’(= B— AB. _ . _ _ o

Tang (\(—A’() = tang AL= tang p’ * cos J. This formula is exact in the two special cases outlined in the
note above. In the general case, the accuracy here is about the same as in the parallax in latitude case.
B3 AN =0~ Thus M= A — Ak
234 B, Berakhot 40a.
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2% As already mentioned above it concerns the distance w on the western horizon between the west point
W and the foot of the vertical passing through the moon at sunset, with w = Az — 90°. It does not concern
the azimuth of the setting of the moon.

2861 / cos w( = cos ¢ / cos K; in the rectangular spherical triangle, considered at sunset, equator, western
horizon and vertical passing through the moon. K is the angle between the vertical and the equator , and 90
- @ is the angle between the equator and the horizon.

271 /sinp’ =sin K / sin (6(—98’() or sin Ad(=sinp’ * sin K.

81/ cos K = tang p’ / tang (o — a’() or tang Ao = tang p’ * cos K. Both formulas are exact if we consider
them in the spherical rectangular triangle: vertical passing throught the moon as defined previously at
sunset, the equator and the circle of declination. In other words Hanover makes the dubious assumption that
the apparent moon M’ is on the equator. The truth is that the declination of the moon can reach about + 28°
when it is northern and — 28° when it is southern and therefore these formulas are much more imprecise
than the former formulas given for the parallax in longitude and latitude.

%% Here we consider the moon on the horizon. Therefore we can deduce that this was not the case in the
previous chapters.

91 /tang ¢ = tang 8/ sin 1. Or sin 1 = tang @ * tang §_ Thus r = A, We can write Maghrab moon = o + A
and Maghrab sun= ag + Ay,

21 Maghrab moon — Maghrab sun = Maimonides’ arc of vision. If we add 90° to each of the preceding arcs
we have Ts(— Tsy. It is Maimonides’ arc of vision; it represents an approximate value of the moonset lag
because the coordinates of the moon were frozen at sunset and he did not take into account their evolution
during the span of time between sunset and moonset.
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#42:Sin (90° + h*() / sin (90° — h) = Sin (90° — h’() /sin (90° — h)) = x%/2% = R/ r where R is the distance
of the center of the moon from the center of the earth and r is the distance of the center of the moon from
the observer. This formula is the application of the sine-formula in the triangle ax® of 1" 7% .

23 gin B /9730 =sin o/ ds: here dg is the distance between the center of the sun and the center of the earth,
a is the sun’s anomaly: 1o — lapegee and P is the quota of the anomaly. This formula is the application of the
sine-formula in the triangle axm of 'm 7% . Hanover fixes the distance 2x to 9730 and d; is the distance n=.
It must be noted than in the model of the ancients (Ptolemy, al-Battani) thedistances are defined in relative
value but not in absolute value.

24 ds + 1/ ds —r= tang (90° — h’/2) / tang m; @ =90° —h’/2 + .

In order to understand this formula, we refer to n" 7% and to Smart, Textbook on Spherical Astronomy,
898: The phases of the planets and the moon. In modern astronomy we refer to the plane passing through
the center of the earth, moon and sun, thus the plane of n" 7713, But we don’t take into consideration the
points 2 and 3 but only the center and of the sun and the earth v and &. The illuminated part of the moon
is the angle 7771 whichis equal to E, the geocentric elongation sun-moon. E = 180° - d where d is the angle
between 37 and 27, it is the selenocentric (as seen from the center of the moon) elongation of the earth from
the sun.

The formula above is the application of the tangent-formula to the triangle 72 or equivalently the triangle
v7a. The sum of the angles 7 +3 is equal to 180° - h’ where h’ is the angle 2 and therefore half of it is 90° -
h’/2. Angle nisthen%2*(7 —3)and vis%*(7 —3) +90° —h’/2=%*(7 —2) +%*(7 +3)=.d=7

This artifice avoids to making use of the very little angle 237 . AndE=h'+3=2+3=180-7=180-d =
180 — v = the illuminated part of the moon.

Thus 180° - v = E = the lightened part of the moon. It seems that there is a mistake in this reasoning: the
plane of " 77 is the plane passing through the centers of the three bodies; it is not the plane of 1"v 7%,
which is a vertical plane passing through the moon and the northern zenith. In other words the formula ds +
r/ ds—r=tang (90° — h’/2) / tang i; v =90°—-h’/2 +m.

is incorrect: despite the fact that the sun is setting at the horizon h (or h’) is not the elongation sun-moon,
And in fact the formula is cos(h")*cos(AAz)=cos(E). For other formulas for E, in the ecliptic and equatorial
coordinates, see Meeus, J; Astronomical algorithms, chapter 46.

> The angle of the illuminated part of the moon as seen from the earth is 180° - v.

8 |n fact the problem is much more intricate and the visibility of the moon crescent cannot be compared
with the sighting of an isolated star. Danjon proved that it is impossible to see the new crescent when the
elongation sun-moon is less than about 7°: see Danjon, A; Astronomie Générale, Paris 1986, p. 348

7 This example is the continuation of the second example anx wn examined in chaper 31.
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8 Here Hanover chooses an epoch coinciding with the true sunset. Generally he placed his epochs at 6
p.m. mean time. He considered also that Maimonides’ epoch was at 6 p.m. mean time.
49 All the preceding data were already found in chapter 31, second example. As a reminder, at the time of
the true sunset: for the sun: ly=255° 16’ 29”’; anomaly: 157° 40 31°°; Ly = 254° 30° 03”".
For the moon: I =276° 03 33”’; mean anomaly = 4° 42’ 33°’; double elongation = 41° 34’ 08”’; quota of
the double elongation: + 6° 3’; true anomaly: 10° 45 33°’; quota of the true anomaly: — 55°.
L(=275° 8’ 33", Distance earth-moon = 1238.
50 This was established at the end of chapter 31: f(= — 4° 41°
1 \We have proved in our notes to chapter 32 that the formulas of Hanover are exact and equivalent to our
transformation formulas. We find thus that § = —28° 05* 21°°. Hanover gives (= —28° 05°.
%2 \We find for o : 275° 48” 40> which Hanover rounded off to 275° 49,
3 Tang ao = tang Lo * cos € and sin A = tang ¢ * tang &,. With sin 8 = sin & * sin L. We find ao = 253°
10° 317,80 =—22°35"49"; A=-15°04" 27" and oo + A =238°06* 03”".
%4 Qin h=sin & * sin ¢ + cos & * cos @ * cos H. H is the hour angle of the moon at the moment of sunset.
H = & genith — & moon = (Maghrab + 90°) — o meon = 328° 06” 03°* —275° 48’ 40”° = 52° 17> 24”".
Further (= —28° 05’ 21"’ and ¢ = 32° therefore h =+ 12° 00’ 44°’. Hanover gives 12° 01°.

2% \We speak about the distance from the middle of the west to the vertical passing through the moon at the
moment of sunset. We have seen that CoS Wmgon = cos 8 * sin H/ cos h. h = 12° 00° 44°*, H= 52° 17’ 24"
and 6 = —28° 05’ 21”°. We find Wyon = 44° 28’ 29”’in the southern direction. Hanover wrote 44° 27° 30”.
256 Sjin Wy = sin € * sin Ly / cos ¢: W = — 26° 56° 33>,
%7 The difference of azimuth between the setting sun and the moon at this moment: 44° 28’ 29”’— 26° 56’
33’=17° 31’ 56"’ Hanover wrote 17° 31°.
285inp’=(p/R) *cos h’. p=20.47 (see chapter 33) and R = 1238 (see chapter 31, second example) and
h=11°56" 04" For a first approximation we consider h as an approximation of h and we find p’ = 55’
37”. ’=h—p’=11°27". We can make a second iteration and consider h’ = 11° 27°, we find now p’ =
557 43”. A better calculation can be made through the formula
R+ p/R—p=[tang (90° +h) /2] / tang t and 1 = (90°+h -2p”) / 2. Hence tang 1= (1238 — 20.47 / 1238 +
20.47)* tang (45° +h/2). With h=11°56’. We find 1= 50.04° and p’ =45+ h/2 -+ =50.97° - 50.04° =
0.93°=0°56" p’> = 0°;56°.
The indication of Hanover is rough; we will see in note 265 that his parallax in altitude is in fact 57° very
close to the former value.
9 Fist stage; calculation of the angle | between the ecliptic and the horizon at sunset.
Sin I= cos ¢ * sin (a + A) / sin L. We find [ = 48° 20° 37"’

Second stage: angle J between the vertical of the moon and the ecliptic. Cos J = sin | cos (ws- W;) = sin
48°20° 37> * cos 17°36° 26>°. ] = 44° 35> 25,

Third stage: sin Ap =sin J * sin p’; with J = 44°35°25” and p” = 0°;56” Hence Ap = 39’19’

Tanf AL =tang p’ * cos J. Hence AL =39’ 53°’. We ascertain that (39° 53°”)? + (39°19”°)* = (56°)?
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Hanover gives AP =39’ 55" and AL =39 54°* and (39°54°")2 + (39°55"") = 56° 26")?* different from 60’.
20 calculation of angle K. cos K =cos ¢ * cos Wpygon.= c0s 32 * cos 44°32°59”” hence K = 52°49°03"’;

Sin Ad(= sin K * sin p’, we get Ad=44" 19" and tang Ao(= cos K * tang p’, hence Ao =33 51°” with K
=52°49°03” and p’ = 0°; 56°.

21 The brackets are from the author.

%2 Sin A= tang ¢ * tang 3. We work with the values of Hanover: 3 = — 28° 05” and A3 =44’ 35"", §" =
28° 49’ 35”. This gives A’(=—20° 06’ 53”’. Now o =275°49’. Ao =33’51"" hence o’(=275° 15’ 03”".
The Maghrab of the apparent moon is then 275° 15* 03— 20° 06’ 53°’= 255° 08’ 10°".

The Maghrab of the sun was 238° 08’ 42°°. The difference is indeed about 17°. The arc of vision is 17° or
1h 08m. The determination of this arc b representing the moon setlag was the end of Maimonides
calculation: The criterium of visibility depended on the relation b + A, < 22° where A, = & - Ao, is the
difference between the longitudes of the true moon and the true sun, called by Maimonides the first
longitude..

263 \We refer to note242. r/R = sin (90° - h) / sin (90° - h*). Hanover adopted h = 12° 01” and h* = 11° 05
and R = 1238. Hence: r = 1238 * cos 12° 01’/ cos 11° 05* = 1233.9 ~ 1234.

%4 \We refer to note 243, ds = (sin a / sin B) * 9730, where o is the sun’s anomaly 157° 40’ 31 and P is the
quota of the anomaly and was fixed to 46’ 26’ (although the precise calculation gives 46’ 45°”).

Thus ds = (sin 157°40° 31°’ / sin 46’ 26”") * 9730 = 273645.9. Hanover gives 273633.

%65 Hanover follows the procedure described above: altitude of the apparent moon: (180 — h’)/2 = 84° 28’
thus h’ =11° 04’ and Ah=12° 01’ — 11°04’ = 57°.In fact Hanover wrote h’= 11°05” and therefore Ah=56".
Tang = (ds-dl /ds + dl) tang 84° 28* = (273633 — 1234 / 273633 + 1234) * tang 84°28’, n = 84° 25’ 01"’
v=90° - (11°05°/2) + m=168° 53°. The lightend part of the moon is 11° 07.

This skilful calculation requires two remarks : 1) In modern astronomy it is recognized that the illuminated
part of the moon is equal to the geocentric elongation E between the sun and the moon, also called in
ancient astronomy a, the arc of light. Neither the parallax of the moon nor the position of the observer
must be taken into consideration. 2) Hanover has reasoned as if the altitude of the
(apparent) moon was the element governing the the breadth of the lunar crescent, as if the plane defined by
the center of the earth, moon and sun was the meridian of the observer. In fact the governing element is the
elongation and in our case it is much greater than the altitude of the moon.

In our case h=12° 01’ but Aw =44° 27 30> —26° 56’ 30°” = 17° 31 according to the author’s data. The
elongation is then given by cos E = cos h * cos Aw, hence E =21° 08” 06°*. This can be also calculated by
using the difference in longitude and latitude at sunset. Difference of longitude: 275° 8 33°” — 254° 30’
03’ =20° 38’ 30’ and moon’s latitude = - 4° 41°’. Hence cos E = cos 4° 41 * cos 20° 38’ 30”’ hence E =
21°08’ 37°°. The illuminated part of the moon is thus in fact 21° 08’ and the illuminated fraction of the
moonisk=(1+cosd)/2= cos2d/2=0.0336 = 3.36%

2% Jud 20; 16.

%7 The letter ¥ must be nwp,; ¥: is the point €, the autumnal equinox.
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%8 Here the author makes an approximation as if he was in a plane. But a parallel to a great circle does not
exist because every 2 great circles intersect and therefore the statement that 13 = %u is not exact.. He made
the same approximation in Sefer tekhunat ha-Shamayim chap. 86.

289 Here the author makes an approximation as if the considered area of the sphere was a plane.

2% Here the author makes an approximation as if the considered area of the sphere was a plane. But in chap.
36 he calculated the arc of vision precisely.

21t According to B. Hulin 6a.

22 According to B. Menakhot 80b.
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°"3 Deut. 31; 2.

21 According to Jud. 1; 3 and Daniel 12; 13.

2> B_Sabbath 152b and elsewhere.

278 |n the time of Hanover the astronomical day still began at noon (and not at midnight).
2771 hour mean solar time = 1.002738 sidereal time = 15° 0228
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278 The representation is made for people living in the southern hemisphere.

2% |n the manuscript : 45° 8’

280 330 6° exactly.

2! Thus .= 90° and A is +15° 46 in the country ) and it is +48° 52’ in the coutry >.

%82 perhaps Hanover means that in sidereal time this difference is a bit more than an hour, but in mean solar
time, the difference of time between two places seperated by 15° longitude is exactly 1 hour.

8 Thus o =270° and A is -15° 46’ in the country 1 and it is -48° 52° in the coutry .

%4 This expression is frequently mentioned in the Talmud: for example B. Eruvin 77a and 85b.

%5 According to B ; Hulin 9a.

54



ORIV APWY 3N 212 A 213 P PR PR 1Y 20Ty ’p T v mmhw 1R YMna

QRIMIPA 993 MYW2 WADA P DT PRI TAR 212 0" DWW 4913 %3 17K D DY PwIRn YIw 1an
287 npyawn®

NA

7772 [PYRAR]T YI0P DY AR0N YINW TOX L MTIRDT PI2P DY RIIW CNPART YIP NYTY AXON O
0w 2819 (R™) oopom K™ mhyn 2™ wEnR 199m3 AT 1 PANNA WA "3 YINw IRA 0D o
101 MIXA R 27w T 2ophn " MY ww ROw 289 ann NYOPY NV MR WY WK POV DY
Wnwa 12 0T PRaR RO NYa LR POIX DY V"0 100 209K nwnan nawn 1My R DR wnnk v
2Lyenxa 79 Ny nYTS 730 WK M .o 2P0 oophn X mbyn IR CVRART 039mm2
DP9 1" Tyn 2" Xw) o0 n'"o-1 2%%mn [Yan] 1ann Py anR oo 'S oaw naw AMn
Moy WHw 7Y vHR 7ane TwEm 24 orw v oopba 1 by 1w ’EY 9w OR 2B (o awy
AN MW WAWwa YRR NAN MR 0T T IRw v 0"y oown Ty nnR e 2Pophn s
X" MIYW Ww2 SPINRT T2 REP POV OR DAK 721 20PN 01w MOYD '3 020N OVNRRT 7m0
'S5 Dopon " MW ' oo 1" R MR YXARA D20 WY TR P X 2 0 9y 2Porw 0" oophn
10 "D A 0 2P0 VAR ToAmY TR 720 WA VAR To00 120N Rty nY N 07w
P OVART [Y12°27] NYaw 9% 07 YR 1200 0202 TR PRY) PV OR 07w 'S 0°phn 1M nvw
2Ty [0"] @opbn A" APYn A" TANT YXAR 2P RYY (DWW [WHWTY] 0nn DOYINRT W
P21 1" MbYn 2AMAw [ Phona vEaR 0pm o 1" oophn o' abva [ 72w opm
2985 opbm u"1 oun A[2](X)P wnwa 90N O wWRwa YRR 1A T2 2R YIAN LDAR T
Y130 9000 NIn 7N ARYn 9"p-n NIND WHWwS P20nw 999 .20 DWNN P17010 NI ovIw

286 B, Bava Kama 84b.

287 According to Gen. 36; 40 and 43.

%8 The moon’s velocity is 13° 10” 35.03’ /day; the sun’s velocity is 0° 59’ 8.33”* /day and the relative
velocity is then 12° 11° 26.70”” /day. We will see that Hanover uses the correct value; the 11s in the
manuscript is a mistake of the copist.

289 This statement is surprising. Indeed in chap 31 Hanover fixed his epoch at 6 p.m mean time .and this
moment is coherent with the epoch that his chosed in his other writings. Here he adopts the moment of true
sunset. His calculations in chapter 31 were effectively made on the basis of an epoch at 6 p.m. mean time.
2% The substraction of the data gives 170°48°36” — 166°36°48°* = 4° 11° 48”".

21 It is the mean conjunction and not the traditional molad. In Luhot Ha'lbur | table 1 (also in Techunat
Hashamayim chapters 67, 68), Hanover brings a way of finding the mean conjunction from the molad,
according to modern astronomy and in Luhot Ha'lbur Il table 1 he calculates it according to ancient
astronomy (Maimonides).

22 It is in fact the velocity of the elongation moon — sun.

29312°11°26.70”" * 88 = 352° 47°10”’

2% The addition gives in fact 4°11°49 + 352°47°10” = 356°58°59"".

2% The exact value is in fact 3° 1° 1°* but the following calculation is performed with 3°2° 1°°.

2% 302 1 /0.507948 = 5h 56m 20s according to Hanover. But the precise calculation gives 2 minutes
more minutes. Hence 6h 15m 7s + 5h 58m 20s = 12h 11m 27d p.m. = 6 h 13m 27s after the beginning of
the Jewish day. Hanovers writes that this was on Monday but since the epoch was after the beginning of
Shabbat, 88 days later was certainly on Wednesday.

29713°10°35.03°” * 88d 5h 56m 20s = 82° 47° 00”. Add to 170°48°36°* and the result is 253°35°37"".

298 253°35739"” — 97°35°58” = 155°59°41"",
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2% There is marginal word beginning with a w.

%00 At the mean conjunction there is no quota of the moon’s anomaly, the mean anomaly is equal to the true
anomaly and we can immediately calculate the quota of the true anomaly: f=1° 24"

%01 Things will become clearer with the following explanation. The principle is the following: normally we
divide the distance between sun and moon by the relative mean velocity moon-sun (mean velocity of the
moon — mean the velocity of the sun) and we get the time necessary for the moon to catch up the sun, as
far as the true conjunction follows the mean conjunction. The great originality of Hanover is to consider the
true velocities of the moon and of the sun instead of their mean velocities; for this purpose he compares two
consecutive positions of the mean body separated by 1 degree and the corresponding true positions; this
allows him computing the true displacement when the mean displacement is 1° and consequently the true
velocity. This method of finite difference is useful in cases where it is not easy to find an analytical
description of the function considered. The sign of the two quotas is important for the determination of the
distance between true moon and sun at the moment of mean conjunction and the relative position of moon
and sun must determine whether the true conjunction precedes or follows the mean conjunction.

%02 | y=1y—Boand d Lo /dt = d lo /dt — d P, /dt. Hence when B, is extremum, the true velocity = the mean
velocity =2’ 27.85”’ / hour.

%93 See Ajdler, J; Hikhot Kiddush ha-Hodesh al-pi ha-Rambam p. 198.

%4 | do not understand this statement and this figure; how did he arrive at this number. When the quota of
the true anomaly is extremum at the conjunction, then the true velocity is equal to the mean velocity and is
32°56.41” / hour.
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%05 If the quota of the solar anomaly is also extremum, the sun’s true velocity is equal to the mean velocity
and their relative velocity has the mean value 30° 28.01”°/ hour. The maximum interval of time beween true
and mean conjunction is 7°/30°28.56’’= 13h 47m.

%% Thus the moon passed already beyond the sun.

%7 | do not understand the argumentation; on the contrary it would be more fitting to consider the sun with
an anomaly of 1° less, because we are calculating the true velocity of the sun just before the mean
conjunction and not after. In fact the solar anomaly at mean conjunction was 155° 59° 41°” and one should
consider the anomaly 154° 59° 41°” ~ 155°. The quota of 156° is 50’ and the quota of 155° is 51’ 58”’, thus
when the anomaly and the mean longitude increases by 1degree the true anomaly passes from 154° 08.’
02’ to 155° 10’ and the true longitude increases by 1° 01’ 58” and the true velocity is the mean velocity
multiplied by 1.033.

%% Thus when the anomaly is 156° the quota is 50’ and for 157° the quota is 47° 51" (I find 48° 04”") to
subtract. Thus when the mean longitude increases by 1°, the true anomaly increases from 155° 10’ to 156°
12° 09’i.e. by 1° 2” 9°’and the true longitude increases by the same amount 1° 2’ 9°’; the mean velocity is
multiplied by 1.036.

309 1072097 =2’ 28" / (true velocity — mean velocity). Hence the true velocity — mean velocity = 5.3’
/hour.

Therefore the true velocity is 2° 28”” + 5.3”’=2" 33.3”’ / hour. The velocity was multiplied by 1.037 instead
of 1.033 which should have been used.

%19 Hanover considers the moon at the mean anomaly of 342°26°1”” at the mean conjunction and the
situation at the anomaly 343° 26’ 1°” although it would have better to consider it at 341°26°1”".

For 342°26° 1”” we found 1° 24’, for 343°26°1°” it is 1° 19”. Thus the true anomaly passes from 343° 50’
to 344° 45° and increases by 55°. The mean velocity is multiplied by 0.9167, hence 32’ 56.46”” * 0.9167 =
30’ 12’ / hour as the moon slows down.

$1The velocity of the moon mean anomaly per hour.

312 10 /52 =32 40" / (true velocity — mean velocity), Hence (true velocity — mean velocity) = 2’ 43°*/hour
%13 The moon’s velocity in longitude. The longitude of the moon is L =1¢-B(. Thus

d. L/dt =d l/dt - d B¢/dt. It is the mean velocity of the longitude that we must consider 32” 56.46” /hour.
1432756 —2° 43" =307 13”/hour.

315307 137 - 27 337=27"40"".
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$1627> 407> / 1 hour = 2° 14’ / span of time: hence span of time = 4h 50m 36s.

317 Alexander Weiss noted tha this value is different from the values calculated with Luhot ha-lbbur | and
Luhot ha-Ibbur I1.

318 Refer to'n 7mx: 11 is a position of the sun on the epicycle, v is the mean position of the sun and eht si v
true position of the sun (as seen from the earth &. The angle na1 is the mean anomaly, the angle X1 is the
true anomaly and the angle .ylamona naem eht fo atouq eht si xmaWhen the sun is in » it is the true vernal
equinox, in ni ,xoniuge lanmutua eurt eht si ti v1 it is the true summer solstice and in 7 it is the true winter
solstice. The triangle nax the side a= a7 is 100000, the side b= ax is 3465 3/11and the angle nxa is 180° —
true anomaly when the true anomaly is < 180° or the true anomaly — 180° when the true anomaly is > 180°.
We know thus two sides and the angle opposite to one of these sides. In such a case the classical solution of
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the triangle is the application of the sine-formula. At the true vernal equinox the sun is in n. The angle axn»
IS 262° - 180° =82°23" 40°’. We find that p = &m2 = 1° 58 04”.

%19 We subtract the quota of the anomaly from the mean longitude to get the true longitude of the sun.

But here we have the true longitude of the sun, i.e. 360°) and by adding the quota we get the mean
longitude corresponding to the known true longitude. We get the mean sun at the moment of the true
equinox.

%20 At the time of the true equinox.

%21 \We get the mean time of the true equinox.

%22 At his time the civil life was still organized in true time.

323 We want to find E = a — 1. But in the four particular points a = Ly = 90°, 180°, 270° or 360°

%24 See Tekhunat ha-Shamayim chap.51 and the tables at the end of the book; see also Luhot ha-Ibbur I,
table 19 and the corresponding explanations.

%25 |n fact in 7 months ~ 7 * 29.5 = 206 or 207 days the movement of the apogee is maximum 207 * 0.15 =
31" instead of 36”".

%26 The true anomaly, thus the angle neasured from the earth axn.

%71 find 1° 58> 04”°. Hanover gave 1°57°35°". The mean sun’s longitude is thus according to Hanover
lo=358° 2° 25", At the epoch it was 166° 36 48°°. The difference is 191° 25” 37"’

%26.191°25° 37°* / 0° 59 08.33” = 194d 5h 08m 49s.

%29 Not very clear: he means that on this day sunset was at 6h 15m mean time p.m.and the word 7201
should be replaced by myopws.

%0 6h 15m p.m. + 5h 09m 11h 24m p.m. or 5h 24m into the night beginning the first Jewish day of the year
5486.

BLE=0-1=360°-1=1°57"35".
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%32 10577 35°* * 4 = 7m 50.33s. But Hanover is very precise on this point. E is expressed in sidereal time

and we must convert it in mean time, multiplying by 0.997270; this gives 7m 49s. He expresses it on the
following way: one mean hour corresponds to the 15° 02’ 28’ on the celestial equator.

%33 The longitude of Jerusalem is 35.2 E, that of Hanover is 9.7 E and that of London is 0.1 W. Hanover
gives in Luhot ha-1bbur a distance between Jerusalem and London of 2h 21.7 m which is excellent but for
the distance Jerusalem Hanover he gives 2h 4.7 m (instead of 2h 2m here) instead of the correct value of 1h
42m. This is really surprising; he had not a correct appreciation of the difference in longitude between
London and Hanover, two towns which had close political ties!

¥4 According to Ezra 7; 6 and 9 and Nehemia 2; 8.

3 In 16 months the movement of the apogee is 16 * 29.5 * 0.15 = 70.8"” ~ 71’ and not 82"

%0 E = 15°44”" corresponds to 1m 03s. Hanover writes 6 minutes which seems far out.

%7 The difference of longitude is 35.2 — 9.7 = 25.5° corresponding to 1h 42m. In in Luhot ha-Ibbur table
19 he gives: 2h 85 halakim.
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Appendix.

Facsimiles of two pages of the manuscript showing the difficulties met during the

deciffering of the manuscript.
Facsimiles of twenty figures belonging to the manuscript and indispensable for

the good understanding of the subject.
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