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Introduction.

Raphael Levi from Hanover (1685-1779) was considered in his time as an exceptional
mathematician and astronomer and a very skilful calculator. He was known as the author
of two books written in Hebrew and published at about the same time in 1756. The first is
his Luhot ha-Ibbur, in fact two books printed separately, in 1756 and 1757 at one year
interval. It is a remarkable book written in an elegant Hebrew, printed in very nice
characters. It is however difficult to understand because of the absence of a third part
which was never printed, which was intended to explaining and justifying the two first
parts.

A second book of him was edited without his authorization by Rabbi Moses of Tiktin
who bought the manuscript from one of Hanover’s pupils in a public auction. This book,
even if it has not the formal perfection that Hanover had required before its printing, has
the merit to expound clearly the understanding of Maimonides’ famous treatise Hilkhot
Kiddush ha-Hodesh by Hanover. The book gives mainly a qualitative description of
Maimonides’ methods and concepts and a clear definition of different astronomical
parameters adopted by Maimonides; it allows a reader not familiar with the ancient
astronomy to get acquainted with it. And I, indeed, personally used and studied it before
trying to understand Ptolemy and al-Battani. At the end of this book, astronomical tables
are gathered and it appears that the author adopted his epoch in Tishri 1729; this date is
probably close to the date of composition of this book.

Hanover let three other books in manuscript. These books are uncompleted and the author
considered certainly that they had not yet reached the formal perfection that Hanover had
required before their printing. The present book, which | called in reference of the
beginning of the book amanm M2°wn 70 °9%3 s rather an abstract of the subjects that he
was teaching; it presents the form of lectures’ notes and it is dubious whether he had
checked it because there are some errors in the text, the notations and the drawings.

We have no precise data about the date of the composition. However the use in his
calculations of his epoch of Tishri 1729 would allow to assume that this book was
composed in about this period. We note that this epoch of Tishri 1729 was used in the
present book in Hokhmat ha-Tekhunah and in the printed version of Tekhunat ha-
Shamayim (in chapter 59 and in the Table p. 34 at the end of the book). By contrast in the
printed book Lukhot ha-Ibbur 11, (1756-1757) he used a more sophisticated system
putting his epoch at the astronomical mean conjunction associated with the molad of
Beharad at the epoch of the Jewish era. In the book Tekhunat ha-Shamayim ha-Arokh
(the version in manuscript) he used the epoch of Tishri 1729 in the same chapter 59 but
later at the end of the book, p. 104," when he checked the different epochs used by
Maimonides and the different commentators of Hilkhot Kiddush ha-Hodesh who
preceded him, he referred to his new method and noted its great advantage avoiding to
count the number of days elapsed since the epoch. The author noted indeed about this

1 Of the virtual edition.



new method of calculation, working with an epoch at the beginning of the era of Behard
or more exactly at the mean astronomical conjunction corresponding to the Molad of
Beharad:
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The composition of this last book would have extended to a much longer span of time.
The present book seems to be a collection of notes written by a student rather than the
copy by a student of Hanover own notes. Indeed we observe a number of mistakes in the
text and in the drawings which would not exist in the case of the existence of a basis
textbook.

Among the different subjects considered, two points deserve a special attention.

1.  Inthe present book we find the following text? (p. 9) about the extremely rare
eventuality to see the new moon on the evening preceding the day before the Neomenia
(the yom ha-keviyah):
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This outcome is really exceptional; Hanover could with a rather primitive lunar theory
and Maimonides’ theory of the new crescent’s visibility by manual calculation find the
only case in a period of five hundred years, when the moon was seen on the last day of
the preceding month.

2. The postponements in the Jewish calendar.

In the beginning of the present book nm Ma°wa 710 *595* the author explains and
justifies the postponement rules of the Jewish calendar by a fundamental and general rule
which he presents without justification as a general principle that the first day of any
Jewish month may not fall before the day of the true conjunction. He writes indeed:”

% See p. 16.

® This corresponds to Tishri 922. This exceptional case is known in the Jewish literature surrounding the
dispute between Sa’adia Gaon and Ben Meir. The discovery of this exceptional case by Hanover through
manual calculations is amazing. Later Hanover found a second case as he noted at the end of his Tekhunat
ha-Shamayim ha-Arokh p. 137 that a similar phenomenon happened in Tishri 5275.

* See virtual edition of this manuscript.

® Beginning of the book p. 11.
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In his book Sefer Tekhunat ha-Shamayim ha-Arokh folio 22a of the manuscript,® chapter
71 (ancient numbering) 82 (new numbering), he wrote more in detail:
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And at the end of the same book, on the last page of the manuscript (p.136 of our virtual
edition) he wrote:
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Hanover mentions thus explicitly the quotation from Hilkhot Kiddush ha-Hodesh 7: 7:
ORI PIOP 0192 Y197 07,

It appears that Hanover’s rule refers to this quotation and represents in fact his
understanding of the former quotation. Hanover writes that he checked all the years
between 4100 and 4200, which represents the calculation of 185 true conjunctions and he
never found his rule to be wrong.

Our aim is to check this statement and this rule. With this aim in view we constructed two
tables, the first for the seven types of ordinary years and the second for the seven types of
leap years. In each table we gave for each type of year, the last possible Molad of each

® This chapter has no equivalent in the printed version of Tekhunat ha-Shamyim, Amsterdam 1756; it
remained in manuscript. The second part of this book including a complete commentary on Hilkhot
Kiddush ha-Hodesh, Talmudical novellae with a mathematical character and tables will appear in a virtual
edition.



month. We departed from the four gates’ table’ and in the case of the years which have
different areas of possible Molad in function of their position in the cycle of 19 years, we
chosed the latest Molad.

Now we know that the true conjunction can follow the mean conjunction by a span of
time which does not overstep the limits of 6 hours in Tishri and 14 hours in Nisan.®

On this basis we constructed the table 3 on the assumption that the maximum delay of the
true conjunction with regard to the mean conjunction can be considered as linearly
proportional during the year.®

We know further that today the Molad does not more represent the mean conjunction; the
Molad is delayed by about 2 hours. In Maimonides’ days this delay was about 50
minutes.’® It is certain that at the beginning of the Jewish calendar the Molad represented
for the meabrim the mean conjunction.

Thus if we want to check today the possibility to find cases where the true conjunction
falls on the day following the yom ha-keviyah, we must subtract 2 hours from the latest
possible Molad of each month before adding the maximum possible span of time between
the mean conjunction and the following true conjunction.

However as we want to screen all the years elapsed since the inception of the Jewish
calendar we must consider the case when the Molad coincided with the mean
conjunction.

In tables 1 and 2 we colored in green the background of the squares where the latest true
conjunction corresponding to the Molad falls on the day following the yom ha-keviyah
and we indicated the moment of this last possible true conjunction under the value of the
latest Molad. This allows estimating how far the true conjunction can trespass on the
following day. It is evident that the probability of meeting such a situation of the true
conjunction falling on the day after the yom ha-keviyah is proportional to the possible
trespass of the latest possible true conjunction on the day following the yom ha-keviyah.

2. Tables for the fourteen types of years giving the yom ha- keviyah, the latest
possible Molad and the latest true conjunctions trespassing on the day following the
yom ha-keviyah.

The first table is related to the ordinary years and the second the leap years.

" This table can be found in the books of Sar Shalom, Slonimski, Joffe. In Hikhot Kiddush ha-Hodesh al-pi
ha-Rambam it can be found on p. 223.

® See Sefer Tekhunat ha-Shamyim, Amsterdam 1756 chap. 63 and 64 pp. 20-21. See Ibn Ezra Shemot 12:
2. See J. Ajdler, Hilkhot Kiddush ha-Hodesh al-pi ha-Rambam p. 216.

*This is a simplifying assumption which is probably not exact.

19 5ee J. Ajdler, Hilkhot Kiddush ha-Hodesh al-pi ha-Rambam pp. 176-178.
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Table 1: For each of the seven types of ordinary years we give the yom ha-keviyah and the latest
possible Molad of all the months of the year. We consider then the latest possible true conjunctions
on the basis of the maximum span of time between mean conjunctions and the following true

conjunction. When the true conjunction trespass on the day following the yom ha-keviah we color the

corresponding square and indicate the latest possible true conjunction.
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Table 2:idem table 1 for the seven types of leap years.
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The latest true conjunction after the mean conjunction

Ordinary years Leap years

Tishri 6 6

Heshvan 7360 7-151
Kislev 8-720 8 —302
Tevet 10 9-454
Shevat 11 - 360 10 - 605
Adar | 12 -720 11 -756
Adar Il 12 - 907
Nisan 14 14

lyar 12 -720 12 -720
Sivan 11 - 360 11 - 360
Tamuz 10 10

Av 8-720 8-720
Elul 7360 7360

Table 3: Maximum span of time between the mean conjunction and the following true conjunction.
The table is constructed on the assumption of a maximum delay of 6 h in Tishri and 14 h in Nisan.
We assumed a linear repartition of the delay. Today the Molad occurs about two hours after the
mean conjunction but at the beginning of the Jewish calendar the Molad coincided with the mean
conjunction.

3. Conclusions drawn from the two tables.
1. Ordinary years.

Theoretically there is a possibility to have a true conjunction falling on the day following
the yom ha-keviyah of the months Nisan, lyar and Av in the following cases:

W In the years of the type 2 72 if the Molad of Tishri is between 1 — 5 — 442 and

| Iln_tr?e_yigfs: of the type 1122 if the molad of Tishri is between 3—5—442 and 3 —

| gln_tigsyears of the type 1 > 11 if the molad of Tishri is between 5 -5 —442 and 5 —

| ?n_thzgiéars of the type & 11 7 if the molad of Tishri is between 6 — 5 —442 and 6 —
In 2}I th?es_e 2c2§és the breadth of the window allowing this situation diminishes from Nisan
to Av.

2. Leap years.
Theoretically there is a possibility to have a true conjunction falling on the day following

the yom ha-keviyah in the following cases:
B In the years of the type 7 12 if the Molad of Tishri is between 1 — 10 — 543 and
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1 —20—490. The possibility concerns the months of Kislev, Shevat, Nisan, Sivan
and Av. The window is the broadest in Shevat.

W In the years of the type 1 23 if the Molad of Tishri is between 3 — 10 — 543 and
13- 17 —1079. The possibility concerns the months of Kislev, Shevat and Nisan.
The window is the broadest in Shevat.

B In the years of the type & i1 if the Molad of Tishri is between 4 — 9 — 543 and
4 — 11 — 694. The possibility concerns the months of Shevat.

B In the years of the type 2 11 1 if the Molad of Tishri is between 6 — 10 — 543 and
6 — 20 — 490. The possibility concerns the months of Shevat, Nisan, Sivan and
Av. The window is the broadest in Shevat.

4. Heuristic examination of the years according to the areas of Molad defined above,
with the program of Tsikuni.

| did not find a case of a true conjunction falling on the day following the yom ha-
keviyah among the ordinary years during the period 4111 — 6000.
In the case of leap years | found the following cases, only in the month of Shevat:
B In the years of the type 7 n 2.
In the years: 4636, 4910, 5130, 5157, 5228, 5404, 5475, 5573, 5662, 5749, 5820
and 5847.
B In the years of the type 122,
In the years: 4229, 4476, 4574, 4750, 4821, 4997, 5166, 5244, 5413 and 5589.
B In the years of the type 2 r 7.
In the years: 5290 and 5635.

Only a systematic computer screening could give a definitive and certain result.
It appears that the rule of Hanover has about 24 exceptions in the 1900 first years of the
Jewish calendar corresponding to 23500 months. It is thus verified in about 999 cases on
1000 and it presents an exception in 1 case on 1000. It is however surprising that
Hanover could not foresee the theoretical possibility of exceptions and concluded on the
basis of a 100 years’ examination when in the case of the possibility of a moon’s sighting
before the yom ha-keviyah he was more perseverant and considered and found the
possibility of one exceptional case in 500 years.
Anyhow the justification given by Hanover, at different occasions in his writings, of the
postponement rules, through different examples, proving that their aim is to prevent
absolutely the possibility that the true conjunction could occur on the day following the
yom ha-keviyah, must be reconsidered. Although this is generally the case, it cannot be
presented as an absolute rule.
The present manuscript has the numbering Ox Mich 58.

Ox Mich 345 (old n°)

Ox 2290 (Catalogue of Neubauer).
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"' See HK.H.5:2.

12 This is, according to Hanover, the fundamental principle governing the Jewish calendar. See a detailed
examination of this problem in the introduction.

13 We must remember the proverb « comparisons are odious ». In fact there is no connection between the
two problems. Hanover’s principle must be compared and opposed to Maimonides understanding of the
intercalation rules in H.K.H. 7: 7 and 7: 8.

In his book Tekhunat ha-Shamayim ha-Arokh p. 60. Hanover explained that the intercalation rule works
with the mean spring equinox and not with the true spring equinox. He explained in fact that the tekufah of
Adda, which is a mean equinox, must occur before the end of 16 days counted from the Molad Nisan. If
we consider that the Tekufah of Adda is the correct mean equinox (we neglect the shift of the Jewish
calendar toward the summer) then we can conclude that the true spring equinox, which precedes the mean
equinox by two days, must occur before the end of 14 days counted from the Molad Nisan. Practically the
Tekufah of Adda can fall on Nissan 16 and therefore the true spring equinox can fall on Nissan 14. Or in
other words, the first day of Pessah, Nisan 15, must fall on the day of the Tekufah or after it but not before
it.

5 See Ibn Ezraon Lev. 23: 3; ............ NN 7900 Y M1 NI
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1® According to Hanover’s fundamental rule. Hanover does not explain how he reckons the true
conjunctions, whether he uses the methods of Luhot ha-Ibbur | (modern astronomy) or Luhot ha-Ibbur I
Maimonides’ assumptions).

" The fundamental rule is thus valid for all the year’s months and not only for Tishri.
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8 The formulation is clearly borrowed from R’ Abraham Ibn Ezra commentary on the Torah, Leviticus 23,
3:

...... SYRARTT T2712 199X ,NIMIRAT NN2ANT DY 2112 NMIYOIPT PR Di.............. 71227 NPRT MR 9710 MR PR
YH.K.H.7:8.
% |bn Ezra on Lev 23. 3.

ST IRA M DR 2792 71290 NPROI R WM 01 WD MYNIRT 17T 0D 03

2 According to Rambam: > 9°. T don’t know the origin of the number 9° 5°. At the end of Sefer Tekhunat
ha-Shamyim ha-Arokh Hanover calculated different situations of visibility or invisibility of the new moon
all through the year. In tablel1 p. 125 he found in Gemini a case of visibility for A; = 9° 1’at the latitude of
35°. This coincides very well with the computer calculations at the end of my book Hilkhot Kiddush ha-
Hodesh al-pi ha-Rambam. Thus at the end of Gemini we have already visibility of the new moon at the
latitude of 35°for A; = 9° 1’and at the latitude of 32° for A; = 9° 20°.
%2 Because of the eccentricity of the orbits of sun and moon the sun may be 1° 59 on either side of its mean
place and the moon 5.4°, at new moon. In ancient astronomy this latter number was considered to be 5°
(see below the model of sun and moon). Therefore when the first elongation is 9° 5’ at the moment of the
first visibility the distance between mean sun and mean moon can be only 9° 5> — 1° 59° — 5°=2° 6’
corresponding to a double elongation of 21 =4° 12’ at a latitude of 35°. At a latitude of 32° we have the
minimum value of 2n=4° 12"+ 19’ =4° 31’ ~ 5°. At Maimonides’ epoch the longitude of the solar
apogee was 86° 45’; thus at the end of Gemini, in the area of the optimal condition for an early visibility of
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the moon. That means that the anomaly of the sun and the quota of the anomaly were near to zero. The
minimum elongation was then 9° 5° — 5°=4° 5" and 2n = 8° 10°. Hanover explains that the minimum
value of 2m ~ 5° could only have been reached in a remote past, when the solar apogee was in the
beginning of Aries.

8 When in the remote past the solar apogee was in the sign of Aries near to 0° and the quota of the anomaly
was maximum in Cancer near to 90° and subtractive.

* Here Hanover reproduced exactly Maimonides® condition.

% |t is an exceptional situation.

6 B, Megilah 6b.

%" This corresponds to Tishri 922. This exceptional case is known in the Jewish literature surrounding the
dispute between Sa’adia Gaon and Ben Meir. The discovery of this exceptional case by Hanover through
manual calculations is amazing. Later Hanover found a second case as he noted at the end of his Tekhunat
ha-Shamayim ha-Arokh p. 137 that a similar phenomenon happened in Tishri 5275.



16

S"RAW ORI DY ARG TR DY T 0"R 2792 10 IMPTA (WD LR 29907 1w M
702 O AR 1T 092 UMIPTA2 1O MRYY A TR A™ TR A™ L T2 700 0K WK TR
5Mma APRITY 9"YR 280"k RITW 15 D173 70 3 KD PR T MIPTAA TR PIW 37 Yapa 0D
JI1RT9 KPR AT 202 KD R "R2 R NI AR

"-,
D17 QYUY W5 ZQD’WZEJDH "5Y2 1200w 12 K91 ' 992 11ARY M0 ™ Do nvnT . 7

TN QW VART XY T WARDA 1121 A1 NIXA OTIP 791 2 MY ' A7 ™2 RN kT own a™
Qw2 a7 593% WD SNaNd oW MY MM? 702 1Y) TAnT DYORPW? 0 AR 31702 MIXN a7
72 QYL ROR 01212 7Y MR OTP 7211 OR 1192 1R .NNT ORI O 3070 2"R) 30([?.]rx
75°97 AN R MIYW WW32 PI OYINRY MIRD NONAKR PIPW IWOHRY 12 NPAR P12 012 Y
017212 PPY2IPY 012 12 ONAR PIP 77T ORTN2 NMIXA OTIP 723 0K PaR Nnn? By ' pmy

20

0°59° 819’748 5"¥1 a"ann nYTY wnwa T7n

0° 0007 9 0 MR Q12 WAWT 721 700

13°10° 35 177 48> TMR 0172 71907 YRR 7900

0°3°10 37 48> NOINR WX 70

29 - 12 -793 77090 T I wIn
354 - 8- 876 31 mwws mn naw
365 - 5— 879 32 sywnxa wawd nw
91 - 7— 490 SYXART WA NOPN
30 -10-523 SWXNRT WAWT W
27— 7—- 775 12373 92 2201w 1777 NOIPN

%8 West to Israel the age of the new moon increases and therefore the sighting is less exceptional.

 They understand that when the Molad is before noon there is a possibility to see the new moon on the
same evening on the assumption that the true conjunction preceded the molad by 14 hours and that the new
moon was seen 20 h 1/3 after the true conjunction. But Hanover rejects this idea and he writes that the
fixing of the Neomenia does not follow the moon sighting. He explains that the true conjunction can follow
the mean conjunction by 6 hours. When the Molad (which coincided at the beginning with the mean
conjunction) is after noon there is a possibility that the true conjunction will follow the molad with a delay
of 6 hours and it will belong to the next day. This is in contradiction with the fundamental rule of the
calendar and it explains the postponement of molad Zaken.

% There is nothing of this in our printed version of Luhot ha-Ibbur. Maybe that he makes allusion to the
third part of Luhot ha-Ibbur.

3112 % (29 - 12 - 793)

%2 365d 5h 48m 50s an excellent value for the tropical year.
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*® This is the epoch that Hanover had adopted in his first books, it corresponds to Tishri 1729.

* The difficulty of this system is that we must know the number of days which elapsed since the epoch for
any astronomical calculation. This makes necessary to examine the number of days of all the elapsed years.
This explains the superiority of the solution chosen later by Hanover to adopt an epoch at the astronomical
mean conjunction corresponding to the Molad of Beharad. It does not require these long calculations. But
we must calculate the astronomical mean conjunction corresponding to the molad neighboring the moment

under examination.
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The movement of the sun.

In Fig 1, H is the position of the sun on its orbit, H; is the apparent position of the sun as
seen from the earth and H; is its mean position of the sun as seen from the center of the
eccentric. P is the perigee and K is the apogee. Angle <KEH> is the true anomaly; angle
<KCH> is the mean anomaly a and angle <EHC> is the quota of the anomaly f.
The true anomaly is the angle <KEH> = <KCH> - <EHC> = o, . If we add the
longitude of the apogee to both members of the relation, we get then L° = I° - B, where L°
is the true longitude of the sun and I° is the mean longitude of the sun.
If EC=b, CH=3a, and EH=c then e° = b /a. We have further ¢ sin f =b sin a
ccosP=a+bcosa
g : e°sina
Dividing these relations member by member: tan f = ——— (1)
1+e°cosa
Where e° = 0.0347 is the eccentricity of the sun’s orbit.
For example if a = 70° we find p = 1° 50” 45”. Hanover writes f = 1° 51°.
The anomaly is maximum when sin a = -¢° i.e. when o = 91.9886°, B is then 1°; 59° 19”.
The true position of the sun varies thus around its mean position by an angle § which is
always less than two degrees. This angle B was called quota of the anomaly and it
corresponds to our modern equation of the center. L°=1°-f° (2)
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Figure 1: The solar model of the ancients. E or X is the center of the earth and of the ecliptic and C or
o is the center of the true orbit. The sun turns in the anticlockwise direction. y is the vernal point, the
apogee corresponds to the beginning of July. The true positions are seen from the earth and the mean
positions are seen from the center of the eccentric.
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% It was generally accepted that the mean movement of the sun is considered around the point C or the
center of the eccentric while the true or apparent movement was considered around the point E or the earth
and center of the ecliptic. Hanover introduces the line »x parallel to CH or oo, allowing to consider point n
as the mean position of the sun around E or x.

¥ When we add the movements of the celestial bodies for complete days of 24h to the radices we find the
position of the celestial bodies on the selected day at the same mean time as that of the epoch. This time is
not necessarily 20m after sunset and therefore we must bring a correction.

“0 The mean velocity of the sun is 59’ 8 per day. This corresponds to 147.83” per hour or 2° 27.83” per
hour.
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A% 2 NIwn 10°1 TY NPIRY 10-21-003

10-21-003
N2y 1°2°7%) 3 NIWR J0°1 TV NPIRY 21-18-006 =1
10 —21-003
32 —15-009
'3 NIV 00T N2V W YIAN 29 —12-793
"7 NIWA J0°1 TV NOIRY 3 —02-296
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*! Thus an iterative calculation which converges rapidly until we find that the true longitude of the sun is
0°, 90°, 180° or 270°.

23655879 represents 365d 5h 48m 50s. This is a rather good value for the tropical year. However
Lalande at the same period gave 365d 5h 48m 45s, slightly less than the modern value of 365d 5h 48m
46s. In a paper on Luhot ha-Ibbur I, to be published in B.D.D, I showed that Hanover’s calculations were
established on the basis of a tropical year 365d 5h 48m 57s quite greater than the first value of 365 — 5 —

879.

#12*(29-12-793)

* T don’t understand the connection between Ibn Ezra on Emor and the present table of intercalation.
> \When we use the Jewish year of 365d 5h 997 hal 48 reg, then at the end of 19 years we have no
remainder. The table can be found in Luhot ha-Ibbur 11, table 20 (left column) and is reproduced in the
paper mentioned above.
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The lunar model.

10 —21-003
34 -03-110
7" N2 10T MY wTIn Yy 29 —12 - 793
"o nawn Ty R 4 —14-397
10 —21-003
"0 nawn oo 7Yy w15 - 11 - 400
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10 —21-003
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10 —21-003
o0 nawa mooyw My wnn van 29 — 12 — 793

X"

The aim of the lunar model is to calculate the true position of the moon from its mean

position.

“® The length of the year of Adda is 365d 5h 997 hal 48 reg. The length of the tropical year adopted in the
present table is 365d 5h 879 hal. The difference is 118 hal 48 reg. After 19 years this difference amounts to
2254 hal = 2h 94 hal. This is exactly the conclusion of the present table: 18d 13h 696

10 21

3

29 10

699

After subtraction of the 7" additional month we have a difference of (29 — 12 — 793) — (29 — 10 — 699) = 2h

94 hal.
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The apparent movement of the moon happens, counterclockwise on a great circle inclined
on the ecliptic by an angle of about 5°. This inclination is generally neglected except for
the study of the moon’s latitude. This great circle intersects the great circle of the ecliptic
in two points, the ascending node, when the latitude of the moon becomes positive and
the descending node when its latitude becomes negative. Both points have a retrograde
movement.

We have represented the model of the moon’s movement on Fig. 2 and 3. O is the mean
moon, M is the true moon. M moves in a retrograde movement, i.e. clockwise, along a
little circle of radius r at the velocity of 13°; 03° 53.93”. Its center O moves
counterclockwise (direct movement) on a great circle of radius R and of center C,
different from E, the earth. It is called the eccentric or the deferent. The diameter EO, the
apse line, joining the earth to the mean moon intersects the epicycle in the points A and
T, A being the most removed point from the earth. The point of intersection of the
indicator EM with the ecliptic is the true position of the moon. The vector ES represents
the direction of the mean sun. The angle <OES> between the mean sun and the mean
moon is called the elongation n. The cinematic model of the Ancients postulates
that <OES> = <SEC> or that <OEC> = 2n; it is called the double elongation. Point C
turns around E clockwise (retrograde movement). Point P is the symmetric of C with
regard of E; it is the prosneusis point. PO intersects the epicycle in R. A is the true apogee
and R is the mean apogee of the epicycle. The angle <ROM> is the moon’s mean
anomaly.

<AOR> is the quota of the double elongation or the prosneusis arc p. The angle <AOR>
is the moon’s true anomaly. The true anomaly is thus the mean anomaly plus, or less, the
quota of the double elongation. Finally the angle <OEM>, which represents the
difference between the mean position of the moon O and the true position of the moon m
is the quota of the true anomaly. Point K is the apogee of the mean moon’s movement on
the eccentric and point L is the perigee of the mean moon’s movement on its eccentric.

According to Al-Battani, followed by Maimonides,
e(=EC=PE=10°19°=10.3167.

The Radius of the ecliptic is fixed arbitrary to 60p.*’
The radius of the epicycle isr=5P 15’ = 5.25.

The radius of the eccentric is R= 60" — 10p 19°=49° 14> = 49.6833.
The distance from the earth to the apogee of the eccentric is EK = 60°
The distance from the earth to the perigee of the eccentric is EL = 39" 22’ = 39.3667.

%60 plays for the ancients the same role as 100 for us, thus 60p has the same meaning as 100%, p means
units, it allows distinguishing from degrees. 60p represents the reference distance; it is a relative and not an
absolute distance.
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Figure2: The model of the moon's movement of the ancients.

EL 39.3667

= —0.6561
EK 60

r_ 52 1057
R 496833

Determination of the true moon from the mean moon.

The data of the problem are the mean anomaly <ROM> and the elongation <OES>.
We want to find the angle <OEM>, the quota of the true anomaly.

First step: in the triangle OPE, PP’ is perpendicular to OE.

PP*  PP'"  PEsin<PEO>

PO P'E+EO EO-PEcos<PEO >

With <PEO> = 180°-2n; PE = EC =¢( and EO = p.

This relation is true in all the cases of figure. In fig 2: cos (<PEO>) is negative while in
fig 3, it is positive. Therefore

tan p = tan <EOP> =
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Figure 3. The model of the moon's movement of the ancients.

e(sin2n
tan p = e(sin 2y _ o, (3)
o +e(cos 2 14 e(cos2n
Y2

In the triangle OEC: p = OE = OD + DE = 4/OC? — DC? + DE
OC =R; DC = EC sin<CEO> = ¢( sin2n; DE = EC*cos<CEO> = ¢( cos2n and therefore

p= \/Rz —(e(sin2n)® + e(cos2n (4).

In the triangle OEM: angle <AOM> = <AOR> + <ROM>p + m
OM=r

EM sin  =r sin (m+p)

EM cos = EO + r cos (m+p).

Dividing member by member:
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DAILY MOTION | RELATIVE | DIRECTION NUMERICAL VALUE
OF TO
ES Ey EAST ®, = 0°59'8",33
EO ES EAST o5 = 12°11' 26",70
EO Ey EAST o, = 13%10' 35,03
EK ES WEST o = 12° 11' 26", 70
EK EO WEST 20)g = 24°; 22' 63", 40
E K Ey WEST O - 0y = 11°,12" 18,37
oMm OR WEST o, = 13°; 03' 53",93
EO EQ EAST ® = 13° 13' 45",66
EK EQ WEST 20 - O, = 11° 09' 07",74

Figure 4. Movement of the moon: movement of the different vectors of figures 13 and 14.

rsin(m+ p)

tan B =

o +rcos(m+ p)

and finally
L(=1(-B

If n = 0, we are at the mean conjunction and the mean moon is in K, the apogee of the
eccentric: p=R +e(and p = 0.

(5)

(6)

If 1 =90°, we are at the quadrate and p=R —e(and p = 0.
If n = 180°, we are at the mean opposition and the mean moon is in K, the apogee of the

eccentric: p=R +e(and p=0.

e(

Example: if 21 = 120° then: R 0.2076, §= 0.8799 (4) and therefore & =0.2404 .

(3) gives then tan p=10.2317 and p = 13°; 02° 17”.

yo)
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In the Table 9, Hanover gives for 2n = 120° a quota of the double elongation of 13°; 02°.
If we consider now that the true anomaly is 95° then equation ( 5 ) gives:

tan = ©-255In 95 = 0.1209, hence B = 6°; 53" 37"
0.8799* 49.6833 + 5.2505 95

Hanover gives in Table 11 the quota of the true anomaly q = (21 = 0) and the angle s
defined as q +s = B(2n= 180°).

In table 9 he gives the angle p or the quota of the double elongation and the proportion ¢
defined by q + c*s = B(2n).

5.25s5in95°

If 2n =0, then p =R+e( = 60 and tan q = .q=5.0198°=5°01"11".
60 + 5.25c0s 95°
If 21 = 180° then p = R-e( = 39.3667 and tan(q+s) = — 2225199 = 0.1344.
30.3667 + 5.2500 95°

q+s=7.6556°=7°;3920".s=2° 38 09”.
We have seen that B (2n=120°) = 6°; 53” 37” = q + c*s.
= 6°,5337""-5%0111" _ 0.7109 = 43 .

2°,38'09" 60
Hanover gives in table 9: p = 13°; 02’ and ¢ = 43

In table 11: ¢ =5°; 00" and s =2° 39’

We worked with the data of Al-Battani; it is not impossible that Hanover had slightly
different coefficients explaining a difference of rounding off for q and s. The tables of
Hanover show that qmax = 5° and (q+S)max = 7°; 39°. Thus at the conjunction and the full
moon, the true moon differs from its mean position by an angle inferior to 5° but in the
quadrant it differs by an angle inferior to 7°; 39°. This corresponds to the effect of an
equation® called the evection; it plays its greatest importance in the quadrant; it was
already known by Hipparchus and quantified by Ptolemy. The rules of the signs of the
tables can be deduced from the different figures.

Vocabulary and definitions.

<OES> = simple elongation = mywsn 71701

<OEK> = double elongation = 919277 %1701

<ROM> = moon’s mean anomaly = *¥¥nR: 117° 21701

<AOR> = quota of the double elongation =197 21901 N1

<AOM> = true anomaly = 11217 71901

<OEM> =equation of the center = quota of the true anomaly =112371 27901 N1

Hanover gives in Table 11 of Luhot ha-1bbur the quota of the true anomaly q = B(2n =0)
and the angle s defined as q +s = B(2n= 180°); s = N0I7X "W B = 112137 71201 NI

In table 9 he gives the angle p or the quota of the double elongation and the proportion ¢
defined by q + ¢*s = B(21); ¢ = 0w Por; B = 1017 7901 nan or alsonnna nan

*8 This word was commonly used in eighteenth century (see Lalande and Delambre) with the meaning of
correction.



28

7y oun b 2mvn M 172207 MDA 701 T 12 A 112701 MPIAT 2393 7AW 193 YR 190 )
N0Y DOMIRD 7YY W

M2 1703 RPW T WM A TR 7 A 0PI T SORWILT 939 T PRI KX 10 L)
11° 12 197:p™1w v"™ opbn 2™ moun ’'™ a1 9931 3 X1 7 9K 3 nTpIn “1amwn? namn 0T

w 11 2MbTn 9700 REVT D39 P00 DY T2 AT 13 0P 2A03 RPIT I ¥ B 8 0p A o LT

5399915 mATAn MAR M0 7P AR TR .07 7" PR 2" MSYR T O 993 57 5RI A ORI T IR
D°PON 7wy NP7 A" [IMY 299nn 19PN 2373 NN IR 0w v'™ 0°pon 2™ mbya K™ 01 9o2
24° 22’ 54 107 YRR T2 RO AT T 0w '
11°12°19”°
13°10° 35

"7 2OPPM K™ MBYR 2" IRWI Q1A YIART 77 70000 012 OVRART WAWT 7272 YIAD WK
1297 PITAN RIT,19991 LTAR D12 YRR WA 7701 1 0700 Toan Xpn 12° 117 2777 oaw
77°77 2PN DX SYRART WAWS 2192 8 NTIRIA 770 OR DWNRT LT A 2 DWR 1A 07T 720 1 0P
791 777 VAT IR W NTIRI DY T 9P 1Y 8 NTIRI DY T NTIPI 777 720 W 10777 SYRNR
9702 WA NI IRY LR NTIPILNNR AT 1T OVIART 17 210 WA Q1AW N2V SYINRT
7777 720 NTIPI T OR @ 1A 9R 197 NI DRI JITI A DTN TV IAR O 7Y 205nn M
PN 1DPAN DAY AP YYIINA T AN TR DWRR MW 23 DWR AT 99D 9771 7 NTIPI TV MR A0)
9703 ¥ 59X Y 2 1INANT PPN 299D 1N 10T 2 Mt 9703 KYw B 9RI B HR B ) 119V

NPT T REP NTIRID MM ROAW TP 9R TN o [91] () aopma avan noabry b
XP37 X7 50 Ak 1A Y NP 1A ORI D393 AR M Tonw Y 5wnn a2 > s nTpl bR
1777 °° 9577 PR NI XAPI 9P DAY B nwpY oY [IX o9] NWR 117AT OVEART 1770 190)
Y] WXART 21907 DX B9 NWP PP0NTY AR TOX POB X OB W XITW 2NN 1A 9120 7¥00 OX
SYXNART 21707 11 1007 P Nan #R W YIAN R MYV 8"p 1 Mnd 1937 prion 70 oX [P IR
1237 701 REM

7777 933 ¥ 927 YIRT 19797 37 RV I RYT 13707 © NTIRIA 777 107 0K NN P ROP1 50w P
2PN 7°70 B NTIPI R X DTV ONART P 2PV WP 0N P NTIRI OV 7700 I 00 ORI MBI a9 T
STPART MIPA 12T ,2 DT LA VAR DIpA 12 WD W 27AyoW ARIN 1991 MPINA SR 10
q"p 71 MIAD ©X WP 1T 11337 91200 7 ax 8La11 91von nim XIp1 T DWRY X X B NTIP)

- N 112377 21207 07 DK DAR CYRART D1pn 1A AT VAN 79pa0 203 [2w] 22awvnn phna na
SYXNRT QP PR AT N3 0N 5P 2A%a [Pw] cnman pona na e "I p Y 0 B nwp 17 'R
107 ONONR 2PN DPIWA RE

** In the direct direction or counterclockwise.

%0 The deferent.

*! Clockwise.

%2 Counterclockwise.

%% Clockwise.

> Clockwise.

% Always clockwise.

°® The drawings in the manuscript are erroneous and must be corrected.
> The prosneusis point.

*® Roor is  a slightly variable point called the mean apogee. The mean anomaly is measured from this point.
*° The quota of the double elongation, angle p.

% The true anomaly is measured from A or » the true anomaly.

%1 The angle <OEM> or the arc 91 is the quota of the true anomaly.
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%2 The quota of the true anomaly is maximum 5°

% The nodes.

® The ascending node.

® The descending node.

0086139107 35.43 + 37 117 = 13° 13° 46.43"".

%" The effect of the parallax is always to lower the altitude of the star and near it to the horizon.

% This passage is not understandable. In Tekhunat ha-Shamayim ha-Arokh, the figures 18 — 24 allow
explaining clearly all the rules of sign of Ma’agal, parallax and the quota of the geographical latitude.
% This passage is not understandable. In Tekhunat ha-Shamayim ha-Arokh, the figures 18 — 24 allow
explaining clearly all the rules of sign of Ma’agal, parallax and the quota of the geographical latitude.
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" Thus Tishri 1729. This must give an indication about the period of composition.
™ The quota of the double elongation in the table 11 of Luhot ha-lbbur II.

"2 The true elongation, the arc ARM or on.

" The proportion c, see p. 21.

™ Quota of the true anomaly q in table 11 of Luhot ha-Ibbur I1.

"> This new denomination is from Hanover, it corresponds to q = B (n=0)

"® The angle s defined p. 21.
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7 It is the product ¢ *s. See p. 21.

®Beo*s,

79

80 8 = q + c*s. It is the angle <OEM> representing the equation of the center or the quota of the true
anomaly.

8 1fn=0thenp=q

® The ascending node moves clockwise or according to a retrograde movement. All the numbers of the
column of the ascending node are negative and this is also the case of the radix. Thus when we subtract the
absolute value of this number from 360° we get the longitude of the ascending node. The negative number
of the column is called wx- yenx while the final number obtained after the subtraction from 360° is called
NN WRIT 2P,

® The longitude of the true moon minus the longitude of the ascending node is the quota of the lunar
latitude and allows the calculation of the lunar latitude.

8 Table 10 p. 7 in Luhot ha-Ibbur II.
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% It is an arc of the ecliptic, or.
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Figure 4: Schematic representation of the situation in spring at sunset in order to define with clarity
all the notations. i is the geocentric(true) moon, v is the topocentric (apparent) moon, 1 is the point of
ecliptic with the same longitude,z is the point of the equator with the same right ascension. The
circle of declination passing through v (or the hour circle) is probably the ma’agal and 21 is nelizat
ma’agal. The aim of the procedure is to find the set lag between the sun and the apparent moon. This
set lag is measured on the equator and corresponds to the arc s72. The arc » is the first elongation,
the arc 1 is the parallax in longitude, the arc 177 is the second elongation. The arc o1 is nelizat ma’agal,
the arc om is the third elongation. The arc n77 of the equator is the fourth elongation, the arc an is the
quota of the geographical latitude and finally the arc am is the arc of vision. It gives the difference of
set lag between the sun and the apparent moon.

The ancients could not calculate this arc from the equatorial coordinates because they did not know
the formulas of transformation between different systems of coordinates. Therefore they were
obliged to make this deviation and use this procedure which seems of Indian origin. R’ Abraham bar
Hiya in Mahalekhot ha-Kokhavim used a similar but different algorithm.

SIWT 2MN NPV PO 7707 2AVA T MW 212 MIPYR DOWY TV W 21n MIDYn wvn
SIWIT 2MN DOV PRI AT 2AVA T OIR 912 MY DOWY TV IR D1 mByn qwvn
AW AMT NPV PO 70T 2AVA 00 2PV 212 mBYa 2wy TV 2PV D1an NIRYn wvn
AW AMN NP2 PO 707 23V 00 09T 212 MYV D0y TV 097 Dran mvvn wyn

IV 2MN NOWONN [T 2AVA 7977 1910 T W DI MYV 2N
AW M NOWINAT T 2AVA A 1100 MOYA WY TV IR D1 NN
SIWIT 2MN DOWONN [T 2AVA 7970 1910 T 2PV D1an mvyn oowvn
AW M DOWONAT T DAV TR 10 MY WY 7Y 097 D1 NN
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Figure 5: Figure similar to the precedent. However we are now in autumn and the latitude of the
moon is to the south.
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SIWT AMN MDY Y927 0707 23VA 00 100 MPYR TIWY T 073 D1n mvvn wann

17°7 2391 077 PR U0 21 MOV Wan TV 2OIRN 215 NIPYR QWYY wann
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® |t is the arc of the equator 777 .
8 Here Hanover does not mention the minimum value of 9° 5°.
8 As far as this span of time ends at the moment of vision. But if it ends a quarter later than the moment of
vision, just after the moonset then we will have to wait for another 24 hours.
8 We consider the right ascension of the apparent Moon, taking its latitude into account. This calculation
requires two steps:

1) calculation of the right ascension of the moon, neglecting its latitude with table 14 of Luhot ha-Ibbur
I1:we find the right ascension of the point 1in fig 4.
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2) correction of this first value taking the latitude into account with table 17 of Luhot ha-1bbur I1: we find

the right ascension of the point o in fig 4.
% The right ascension of point o.

°! The longitude of the point o in fig 4.

%2 The arc yo.

% The arc va.

% The arc 1.

% The point 0. The point of the equator which sets together with o is the point 7. The forth elongation is the

arc of the equator 7.

% The fourth elongation represents the span of time between the set of the arc of the third elongation of the
ecliptic. The forth elongation is greater or shorter than the third elongation depending whether the arcs of

the ecliptic sets fast or not.

%" In the printed edition of Tekhunat ha-Shamayim, on p. 35 there is a table giving the oblique set of the
points of the ecliptic. There is no similar table in Luhot ha-lbbur Il. For a direct calculation we must

calculate o + A with sin A=tg ¢ * tg d.

% |t is probably a mistake and we should read: mmn nwpb.

% The point a.

199 The oblique set of the apparent moon is given by a + A with sin A = tg ¢ * tg .

191 In fact the arc of vision must be at least 9°, thus the set lag between the sun and the moon must be

greater than 36 m.
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192 The breadth of the lunar crescent depends on the length of A;.

193 1n 3411 the Jewish Molad coincided with the astronomical mean equinox according to the modern lunar
theory used by Hanover in Luhot ha-1bbur I. In Luhot ha-Ibbur 1, according to the lunar theory of
Maimonides, this coincidence occurred in 4506. Thus from now on Hanover calculates the true conjunction
according to his “modern” theory.

194 The astronomical mean conjunction which is the Molad to which a correction is brought.

105 \We get the true longitude of the sun.

196 \We get the true longitude of the moon.

197 If both quotas have the same sign then the true positions of the sun and of the moon are on the same side
of the common mean position. The distance between the true positions of sun and moon is the difference of
the absolute values of the quotas.

198 |f the quotas have not the same sign, both celestial bodies are not on the same side of the common mean
position and the distance between the true positions is the sum of the absolute values of the quotas.

1991f the quota of the moon is negative and the quota of the sun positive, that means that the longitude of
the true moon is less than the common mean longitude at the mean conjunction and the longitude of the
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true sun is greater. The moon has not yet recaptured the sun, the true conjunction will occur after the mean
conjunction.

119 Here the situation is opposite: the moon has already recaptured the sun, the longitude of the moon is
greater than the common mean longitude at the mean conjunction and the longitude of the sun is less. The
true conjunction was before the mean conjunction.

11 If the quotas have the same sign the true bodies are on the same side of the common mean positions. I
the quotas are negative, and if the moon’s quota is greater than the sun’s quota in absolute value the true
conjunction occurs after the mean conjunction. If the moon’s quota is less than the sun’s quota in absolute
value the true conjunction occurs before the mean conjunction. If the quotas are positive, and if the moon’s
quota is greater than the sun’s quota in absolute value the true conjunction occurs before the mean
conjunction. If the moon’s quota is less than the sun’s quota in absolute value the true conjunction occurs
after the mean conjunction.

12 Hanover explained already this procedure of the finite differences in Luhot ha-Ibbur I, see also a paper
to be issued in B.D.D. about Luhot ha-lbbur 1. If the true conjunction follows the mean conjunction we
consider the mean moon and sun at the mean conjunction and the mean positions for their longitudes
increased by 1°. We calculate the corresponding true positions. If the true position of the moon (or the sun)
increases by more (less) than 1°, the true moon (or the sun) has a instantaneous velocity greater (less) than
the mean velocity and it can be calculated by the rule of three.

13 Moon’s mean angular velocity.

4 Sun’s mean angular velocity.

115 Instantaneous elongation’s variation velocity.
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118 \We get the distance between the true position of the sun and the mean position of the sun.

117 The instantaneous angular velocity of the sun.

118 The span of time between true and mean tekufah.

119 |f the quota is positive, it means that the sun is already ahead at the moment of the mean tekufah. The
true tekufah was before the mean tekufah. If the quota is negative, it means that the true sun did not yet
reach the longitude of the tekufah and the true tekufah will occur after the mean tekufah.

120 The time of the tables.

121 In the time of Hanover the civil life was still organized around the true time.
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122 The right ascension o, of the sun.
123 The equation of time E =ty — t, = ag — lo.
24 Then E =t,—t,>0 thus tv=tm—E and true noon is before mean noon.
125 Then E =ty —t, <0 thus tv = tm — E where E<O0, thus true noon is after mean noon.
126 The general formula is cos H = —tg ¢ * tg & with H > 0.
Hanover makes this calculation slightly differently. He writes that sunset is 6 p.m. + A where
Sin A=tg ¢ * tg 8. A is found in degrees and it must be transformed in hours 15° = 1 hour. This
relation is true in size and sign. Example: at summer solstice in Jerusalem cos H= —tg o *tgd =
—1g 32°*tg 23.5°= - 0.27 H=105.77°=7.05 h; sunset is at 7h 03m p.m.
1S.zi7n A=tg o *tgd=0.27. H=15.77° = 1.05h and sunset is at 6h + 1h 03m = 7h 03m p.m.
6 p.m.
128 The general formula is cos H = —tg ¢ * tg & with H < 0.
Hanover makes this calculation slightly differently. He writes that sunset is 6 p.m. — A where
Sin A=tg ¢ * tg 8. A is found in degrees and it must be transformed in hours 15° = 1 hour. This
relation is true in size and sign. Example: at summer solstice in JerusalemcosH= —tg¢p *tg 6=
—tg32°*tg23.5°= —0.27 H=-105.77° = 12— 7.05 h; sunset is at 4h 57m a.m.
SinA=tge *tgd=0.27. H=15.77° = 1.05h and sunset is at 6h — 1h 03m =4h 57ma.m.
129 We don’t speak of the mean sun according to the definition used until now. He means a fictive sun
which rises at 6 a.m. and sets at 6 p.m. as at the equator.
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